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Preface

Very many textbooks on statistical thermodynamics are available. Each of them is marked
by the points of view and pedagogical insights of the authors into practically the same
set of basic topics and elements. In general terms, we have been motivated by different
factors. Three decades passed since publication of the textbook by Leopoldo Garcia Colin
”Statistical thermodynamics” in 1995 [1]. For years, it served as a valuable instrument
for teaching the subject at the Autonomous Metropolitan University of Mexico. That
book apparently has been written for students of physics at the graduate level. Our
intention, however, is to reconsider and extend the subject by combining and explaining
various topics differently. Present lecture notes are designed as pedagogical tools either
to teach or to study statistical thermodynamics. Amount of material covered by these
lectures is adjusted according to the requirements of the programs of postgraduate studies
in chemistry at the National Autonomous University of Mexico and at Autonomous
Metropolitan University of Mexico. Within these programs, the statistical thermodynamics
is the obligatory subject that is taught during one semester or during two trimesters,
respectively. Thus, the proposed text contains twenty five lectures (called chapters in the
book format). Unfortunately, the programs of study do not envisage additional hours
to solve problems or exercises. Therefore, in several lectures we offer homeworks for
students to develop their practical skills. On the other hand, we elaborated supplementary
materials mostly containing mathematical elements that are used in the principal text.
As noted above, this set of lecture notes is designed for students of different levels of
non-physics faculties, like chemists and chemical engineers. The lectures can be useful
for those studying biophysics and biochemistry or students of mathematics to learn some
methodological aspects and applications of this part of physics. The lecturer and students
of physical chemistry would need the course as one of principal theoretical instruments
and as practical tools. In contrast, the students of other areas of chemistry can find it
helpful for solving particular problems that involve inter-disciplinary aspects. One can
consider these lectures as an introduction permitting to take later a more sophisticated,
advanced courses concerned with the topics of quantum mechanics, of the statistical
theory of liquids and solutions or with computer simulation methods, during e.g. Ph.D.
studies. For the moment, basis amount of knowledge is provided making possible to
proceed to advanced problems of statistical thermodynamics, if necessary.

Thermodynamics is a part of physics that deals with concepts commonly known as
heat, work, and temperature, and their relation to energy and properties of matter. This
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branch of science permeates and applies to a wide variety of phenomena in nature and 
engineering. Formally it is a part of physics, but applies to several problems of chemistry, 
biology and other sciences. In order to make things clear, first note that statistical physics 
is a branch of theoretical physics that involves mechanics and mathematical statistics. This 
part of physics considers matter as composed from a large number of particles (atoms 
or molecules, for example) and consequently requires statistical concepts to describe the 
entire system in question. Statistical physics can be called or defined as kinetic theory of 
matter as well, because it involves motion of individual particles that leads to collective 
phenomena like transfer of heat or of matter within the macroscopic system. Formally, the 
statistical physics can be divided into statistical thermodynamics that describes physical 
systems solely at thermodynamic equilibrium and statistical kinetics focused in the theory 
of processes occurring in such physical systems.

The text is divided into 25 chapters, beginning with the first t wo c h apters, which 
introduce the Lagrangian and Hamiltonian formulations of classical mechanics. The next 
three chapters provide an introduction to ensemble averages, the Maxwell distribution 
of velocities, and related applications. Chapter 6 discusses intermolecular interactions 
and describes reduction of the pair interaction potential into the one-particle external 
field. Chapters 7-9 offer an introduction to quantum mechanics, and the solution of basic 
quantum problems. Chapters 10-12 introduce ensemble theory, covering the canonical, 
grand canonical, and isobaric-isothermal ensembles, along with discussions of the classical 
mechanical limit. Chapters 13-14 focus on Boltzmann statistics, with detailed discussions 
of the partition function, thermodynamic properties of monoatomic and polyatomic gases, 
and rotational and vibrational partition functions. Chapters 15-16 delve into the statistical 
thermodynamics of paramagnetic materials, the one-dimensional Ising model, and the 
molecular field method for ferromagnetism and electrolyte s olutions. In Chapter 17, the 
Boltzmann distribution is used to describe the Langmuir adsorption isotherms of fluids 
on surfaces. Chapters 18-19 explain the Fermi-Dirac and Bose-Einstein statistics and 
blackbody radiation. The final chapters 20-24 include discussions of the Tonks-Takahashi 
one-dimensional model fluid, t h e p a rtition f u nction o f  n o n-ideal c l assical s y stems of 
particles, and concepts of liquid theory used in phase equilibrium calculations. The last 
chapter 25 deals with the concepts of chemical association. In addition, eight appendices 
are provided to support the mathematical elements of the course.

In general terms the content of the course in majority of its elements follows from the 
book by H.T. Davis ”Statistical Mechanics of phases, interfaces, and thin films” [ 2]. However, 
due to temporal restriction of the semester the content covers roughly only the first five 
chapters of [2], substantially redone according to our understanding of the subject. The 
quantum mechanics part, has been adapted using the books on quantum mechanics by 
A.S. Davydov [3], and I.O. Vakarchuk [4]. On the other hand, chapter 16 of the present 
work, as well as all the elements of the theory of liquids have been elaborated from the 
textbooks published in Ukrainian and Russian, principally in the times of the former 
USSR. We used some elements of the books by V.B. Kobyliansky [5], and Yukhnovsky and 
Holovko [6]. These resources are unavailable outside their countries of origin, but enrich 
these lecture notes in our opinion. Selected problems offered to the reader are adapted 
from McQuarrie [7, 8]. Finally, we have also intended to incorporate methodological 
developments and some materials from the works of Leopoldo García Colin [1] and 
Fernando del Río [9].

Orest Pizio
Víctor M. Trejos

Ciudad de México
November, 2024



1. Introduction

We will study the subject known as statistical thermodynamics. In order to explain its
contents, let us begin from some general introductory comments. Let us say first, that
statistical mechanics represents a branch of theoretical physics that studies macroscopic
systems from a microscopic, or molecular, point of view. Deepness of the microscopic
insight is determined by a problem one need to solve. Obviously, fundamental approach
is microscopic by construction. Because the systems under study in everyday life are
macroscopic, i.e. they contain an enormous number of particles, we need to design and
apply some sort of statistical approach.

So what we wish to do is to start from the concepts of particles and inter-particle
interactions and to construct a theory for a macroscopic system. In other words, the
principal goal of statistical mechanics is to provide understanding (or say interpretation)
on one hand, and make predictions on the other hand, both concerned with macroscopic
phenomena that emerge from the properties of individual molecules making up the system.
What is taken into account is the intra-molecular structure and inter-particle interactions.
To summarize: one intends to obtain macroscopic properties and their changes dependent
on the state of the system from the microscopic insight. Many of the macroscopic outputs
can be obtained from the experiments directly or indirectly. Thus, it is desirable to perform
comparisons of theoretical predictions with experimental data.

There are several kinds of properties we would like to focus in. Those are thermo-
dynamic, dynamic, electric, magnetic, optical and others. Examples may include: the
equation of state, heat capacities and compressibilities, speed of sound, refractive index,
dielectric constant and related relaxation phenomena, thermal and electric conductivity,
self-diffusion, viscosity. All that can be obtained. The route is: first try to understand
with the aim to predict next (for example materials with novel or desirable or controllable
properties).

The techniques (or methods) of statistical mechanics have been used (or applicable)
while studying variety of physical problems or phenomena and different kinds of systems.
They can be applied to gases and compressed gases, liquids, solutions, electrolyte solutions,
polymers, membranes, metals and alloys. A few examples of phenomena are: adsorption
on solids and wetting, phase transitions, diffusion and transport. Each of these words
actually represents a huge area of research.

Formally, in fact dependent on what is studied, statistical mechanics can be divided
into two parts: one dealing with macroscopic systems in equilibrium, let us call it the sta-
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tistical thermodynamics (it can be considered as a bridge between molecular physics and
common thermodynamics) and the second is denominated as non-equilibrium statistical
mechanics. Common thermodynamics yields (provides) formal mathematical relations
between experimentally accessible (measurable) properties of macroscopic systems in
equilibrium. These properties are frequently hidden in general thermodynamic relations.

One frequently used example is:

Cp − Cv =

[(
∂U
∂V

)
T
+ P

](
∂V
∂T

)
P

, (1.1)

where Cp and Cv are the heat capacities at constant pressure and constant volume, re-
spectively. Other variables are P, V, and T (denoting pressure, volume and absolute
temperature) and the internal energy U. The properties in the left hand side (l.h.s.) of
this equation are experimentally measurable for certain substance. The variables P, V
and T are coupled between themselves by the equation of state. The P and T, or V and T
variables can be chosen as the conditions of observation. The meaning of the derivatives
in the right hand side (r.h.s.) of Eq. (1.1) is quite obscure.

The Eq. (1.1) is an exact relation. However, thermodynamics on its own does not
provide information about the magnitudes of the properties involved, unless a model
for the substance is assumed. Thermodynamics does not rely upon existence of atoms
or molecules in contrast to statistical thermodynamics. Transformation of the Eq. (1.1)
into the form that involves solely experimentally measurable quantities is given in the
Appendix 26.1.

Statistical thermodynamics is easy to apply to systems in which the inter-particle
interactions and their effect on the relevant properties can be neglected, e.g. dilute
gases. Still statistics is involved in such treatment. On the other extreme, statistical
thermodynamics is necessary, but becomes more difficult methodologically, if one attempts
to deal with "strongly correlated" systems, for example liquids, electrolyte solutions, etc.

If we consider a system of many particles from mechanical point of view, it is necessary
to solve equations of motion describing time evolution of the positions (say configurations)
of all molecules. Time is the principal variable in such construction. How to solve such
problem is the first question here.

State of the system of N particles, or mechanical state, let call it a micro-state, at certain
moment of time is given by specifying all the coordinates (3N in Cartesian space) and 3N
components of velocities (or momenta). Description of the system means or requires to
determine the micro-state as well as its evolution in time. Note, that the energy of the
system is determined by the coordinates and velocities, the potential and kinetic energy,
respectively. Here, it is worth to recall from methodological point of view that in quantum
mechanics, the coordinates and momenta cannot be described precisely simultaneously.
Finally, it is evident that one does not have a device to measure or follow changes of the
micro-state of many-particle system. In contrast, in order to define a macro-state, or a state
of the system for say coarse-grained, thermodynamic description one needs to define only
a few parameters (external and/or internal, for example: if pressure is external - volume
of the system results, if external electric or magnetic fields are given then polarization or
magnetization as internal characteristics follow).

Prior to attempt progress along this line of reasoning, let us make some comments
concerning the system we will deal with. For simplicity, we restrict our attention to a pure
(one-component) homogeneous system of N particles in a volume V. It is assumed that
the system is in thermal equilibrium. In other words, the system has been equilibrated
due to the contact with a heat bath (huge reservoir) at temperature T. From the point of
view of thermodynamics, one can characterize the system at such conditions by giving its
extensive properties like total energy (commonly denoted as U or E), the volume, V, and
the number of particles, N (or the total mass M). The intensive variables are: ρ = M/V
(or ρ = N/V - the number density), Ũ = U/M (or Ũ = U/N). The intensive variables are
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constants throughout one-phase, uniform system. One more issue: the system should be
macroscopic to possess thermodynamics, i.e. the thermodynamic limit is valid, N → ∞,
V → ∞, such that N/V = const.

So, in order to develop a microscopic description of the system it is necessary to specify
completely the state of N particles using classical or quantum mechanics. What are the
options? Start from the problem of one particle, however. The equation of motion is
the second-order differential equation. Historically first, Newton formulation has been
developed. If we have N particles, the equations of motion for each of them can be written
as,

mi

(
d2ri

dt2

)
= Fi(r1,r2, ...,rN), i = 1, ..., N (1.2)

where mi is the mass of the particle and ri is the vector describing the coordinates of a
particle i in the laboratory frame. On the other hand, Fi is the force that acts on the particle
i due to all other particle and possibly due to any external field if present. The force is
assumed conservative, i.e. it depends only on the coordinate but not on time. So, what do
we have? Very many, or better say too many equations to solve. Besides, each of equations
requires two boundary conditions. One, formally useful observation is that, if one defines
momentum of a particle, p, rather than velocity, by using, p = mv = mdr/dt, then the
second-order equations convert into the first-order differential equations for this auxiliary
quantity, such that,

dpi

dt
= Fi(r1,r2, ...,rN). (1.3)

It is assumed above that mass is independent on time (say no relativistic effects, here it is
worth to consult D. Landau, Statistical Physics [10]). Another comment is the following:
we are speaking about the motion of a small particle in the same way as about the motion
of a macroscopic body, applying the same mechanics.

D. McQuarrie in his book on statistical thermodynamics [7] used three simple examples
for illustration or application of Newton’s mechanics. The first of them is the following
exercise.

Exercise 1.1 Describe the motion of a body with the mass, m, shot vertically upward
from the Earth level (at z0) with an initial velocity, v0, in a gravitational field. Thus,
the boundary conditions for the initial coordinate and velocity are given a priori.
The motion is one-dimensional. If we recall that the potential energy of a body in
the gravitational scalar field is U = mgz and the conservative force is related to the
potential energy as, F = −∂U(r)/∂r, then the solution of the problem is given as a
second-order polynomial,

z(t) = −1
2

gt2 + vot + z0. (1.4)

■

Another, frequently used example, necessary in our future developments in different
parts of these chapters, is the harmonic oscillator.

Exercise 1.2 Again, it is an example concerned with solely a one-dimensional motion.
Consider a spring, rigidly attached to a solid body at one end and having a mass, m,
at the opposite end. At equilibrium, the length of the spring is x0. If a force, not very
big by magnitude, is applied either to compress or extend the spring along the axis x,
normal to the solid surface, the force and change of spring length are related by the
Hooke’s law, F = −k(x − x0), where k denotes the elasticity constant, it is the property
of the material of which the spring is done. Note, that the elastic potential energy is
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U = k(x − x0)2/2. Introduce, a rescaled coordinate, ξ = x − x0. We need to solve the
following differential equation,

m
d2ξ

dt2 = −kξ, (1.5)

that again is easy to solve and find solution in the form,

ξ(t) = Asinωt + Bcosωt, (1.6)

where ω2 = k/m, and ω denotes the characteristic, or natural, frequency of the oscillator.
Two unknown constants in the solution, A and B are determined by the initial condi-
tions. Alternatively, the solution can be written in equivalent form as Csin(ωt + ϕ),
where C is the amplitude and ϕ is the phase of oscillations.

■

The following, last example is more elaborated.

Exercise 1.3 It concerns a two-dimensional motion of a body under the influence of
Coulomb-type attraction, i.e. the potential is ∼ 1/r, to a fixed center. Thus, the force is
F = −αr/r3, where α is a parameter. The equation of motion, mr̈ = F, in the Cartesian
coordinates (r = ix + jy, and F = iFx + jFy) are,

mẍ = Fx = − αx
(x2 + y2)3/2 , (1.7)

and

mÿ = Fy = − αy
(x2 + y2)3/2 , (1.8)

where, Fx and Fy are the projections of the force on the coordinate axes, x and y. These
are two coupled differential equations difficult to solve by hands. However, there exists
a circular symmetry of the problem that can be used to make things simpler. Let us
make transformation to polar coordinates and use them rather than the Cartesian ones:
x = rcosθ, y = r sinθ. After calculating derivatives (ẍ and ÿ) and substituting them into
Eqs. (1.7) and (1.8), we obtain:

[m(r̈ − rθ̇2) + α/r2]cosθ − m(rθ̈ + 2ṙθ̇)sinθ = 0, (1.9)

[m(r̈ − rθ̇2) + α/r2]sinθ + m(rθ̈ + 2ṙθ̇)cosθ = 0. (1.10)

Multiplying the first of these resulting equations by cosθ and the second by sinθ and
next adding them we observe that,

[m(r̈ − rθ̇2) + α/r2] = 0. (1.11)

Then,

m(rθ̈ + 2ṙθ̇) = 0, (1.12)

as well. This latter Eq. (1.12) can be rewritten in the compact form as,

1
r

d
dt
(mr2θ̇) = 0. (1.13)
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Therefore, mr2θ̇ = const, and is the integral of motion. This quantity is called as the
angular momentum l, l = mr2θ̇. It is conserved during motion under the influence of
the so-called central force, i.e. the force that is directed along the vector r, defined in
the statement of the problem. In consequence, the Newton’s equation of motion in
Cartesian coordinates, mr̈ = F, keeps its form but the force is given as F = −α/r2 +
l2/mr3, as it follows from Eq. (1.11). It will become the Newton’s equation, if we
interpret l2/mr3 as an additional, centrifugal force. Not always, interpretation of the
terms for forces appearing upon transformation of coordinates is as straightforward as
in the present exercise. To conclude, the form mξ̈ = Fξ is useful in Cartesian coordinates
only, unless we are able or prepared to define some additional forces.

■

A more convenient formulations of mechanics, or say of the equations of motion, that
do not change upon transformation of the coordinates, are the Lagrangian and Hamilton
constructions. Those are considered in the next chapter.

Exercise 1.4 We have used the following concepts: energy and forces. Forces come from
the potential energy. Newtons’s equation of motion is the relation between potential
energy and kinetic energy, because on one side we have force and on another velocity.
Now the question is: how to illustrate the relation between work and kinetic energy. Let
us do such an exercise for one-dimensional motion. Start from the Newton’s equation:
F = ma = m d

dt (
dx
dt ). Assume that the volume is V = Sx (dV = Sdx), where S denotes

area. By definition, the pressure is P = F/S and the work then is written as PdV. Thus,

PdV =

(
F
S

)
Sdx = (ma)dx = m

d
dt

(
dx
dt

)
dx = m

(
dv
dt

)
dx. (1.14)

where v = dx/dt. Then, the energy is:

E =
∫

PdV = m
∫ (dv

dt

)
dx
dt

dt = m
∫

vdv = mv2/2, (1.15)

showing what we have searched for.
■

Exercise 1.5 A) Convert a point (-1,-1) given in Cartesian coordinates into polar coordi-
nates (r,θ);

B) Convert the equation r = −8cosθ into Cartesian coordinates and show that it is a
circle of radius 4 and centered at (-4,0);

C) The height of a body shot vertically upward is given by the equation h(t) =
40t − 32t2. How high it will go?

D) Differentiate the function,

y(x) = x2e−xcosx. (1.16)

E) Find dy/dx if,

y(x) = exp(−(x2 + a2)1/2), (1.17)

where a is a constant.
■





2. Classical Mechanics

2.1 Lagrangian formulation

We proceed now to the formulation of mechanics by using the concept of Lagrangian
function and of Hamiltonian. Begin with Lagrangian formulation. The principal idea is in
deriving equations of motion without resorting to the concept of forces. Recall that the
kinetic energy, K, of a single particle in three-dimensional space in Cartesian coordinates
is,

K(ẋ, ẏ, ż) =
m
2
(ẋ2 + ẏ2 + ż2). (2.1)

It is assumed that a particle is under influence of conservative forces, this means that its
potential energy, U, is a function of coordinates only, i.e. U = U(x,y,z). The potential
energy is a result of the influence of other particles of the system or due to the external
field acting on the entire system, e.g. gravitational field. Let us introduce or define the
function, called as the Lagrangian,

L = K − U = K(ẋ, ẏ, ż)− U(x,y,z). (2.2)

Then,

∂L
∂ẋ

=
∂K
∂ẋ

= mẋ, (2.3)

and

∂L
∂x

= −∂U
∂x

. (2.4)

Therefore, the equation of motion, if written in the Newton’s form, mẍ = −∂U/∂x, can be
expressed as,

d
dt

(
∂L
∂ẋ

)
=

∂L
∂x

. (2.5)

Similar equations can be written for y and z coordinates. Hence, for a single particle we
have three equations of motion, involving three components of the Cartesian coordinate
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and of velocity. If one assumes a set of arbitrary coordinates, qi, for N-particle system, call
them the generalized coordinates, then the Lagrangian equations of motion are,

d
dt

(
∂L
∂q̇i

)
=

∂L
∂qi

, (2.6)

with i = 1, ...,3N. The Lagrangian is a function of generalized velocities and generalized
coordinates, i.e. L = L(q̇1, ..., q̇3N ;q1, ...,q3N). This is a very important statement.

Let us show now, that the equations of motion in the Lagrangian form are invariant
upon the transformation of coordinates, in contrast to Newton’s equations. Explore this
issue by considering a single particle in three-dimensional space for simplicity. Imagine
that we made transformation of "old" coordinates, x,y,z, into a set of arbitrary new ones,
q1,q2,q3, by using the equations: x = x(q1,q2,q3), y = y(q1,q2,q3) and z = z(q1,q2,q3). Then,
for the r.h.s. of Eq. (2.6) we have,

∂L
∂q1

=
∂L
∂x

(
∂x
∂q1

)
+

∂L
∂y

(
∂y
∂q1

)
+

∂L
∂z

(
∂z
∂q1

)
+

∂L
∂ẋ

(
∂ẋ
∂q1

)
+

∂L
∂ẏ

(
∂ẏ
∂q1

)
+

∂L
∂ż

(
∂ż
∂q1

)
. (2.7)

The l.h.s. of Eq. (2.6) can be manipulated as follows,

∂L
∂q̇1

=
∂L
∂x

(
∂x
∂q̇1

)
+

∂L
∂y

(
∂y
∂q̇1

)
+

∂L
∂z

(
∂z
∂q̇1

)
+

∂L
∂ẋ

(
∂ẋ
∂q̇1

)
+

∂L
∂ẏ

(
∂ẏ
∂q̇1

)
+

∂L
∂ż

(
∂ż
∂q̇1

)
. (2.8)

However, the coordinates x,y,z do not depend on new velocities, q̇1, q̇2, q̇3. Thus, the first
three terms in Eq. (2.8) are zero. Moreover, it can be observed that, ∂ẋ/∂q̇1 = ∂x/∂q1. Then,

∂L
∂q̇1

=

(
∂L
∂ẋ

)(
∂x
∂q1

)
+

(
∂L
∂ẏ

)(
∂y
∂q1

)
+

(
∂L
∂ż

)(
∂z
∂q1

)
. (2.9)

With this result, we can transform the l.h.s. of Eq. (2.6) further, namely by taking necessary
time derivative,

d
dt

(
∂L
∂q̇1

)
=

(
∂x
∂q1

)[
d
dt

(
∂L
∂ẋ

)]
+

(
∂y
∂q1

)[
d
dt

(
∂L
∂ẏ

)]
+

(
∂z
∂q1

)[
d
dt

(
∂L
∂ż

)]
+

∂L
∂ẋ

(
∂ẋ
∂q1

)
+

∂L
∂ẏ

(
∂ẏ
∂q1

)
+

∂L
∂ż

(
∂ż
∂q1

)
. (2.10)

The multipliers in the square brackets in the first three terms of this equation should by
substituted according to the Lagrange equations of motion in old coordinates, Eq. (2.5).
Then, by comparison of transformed in such a way Eq. (2.10) and Eq. (2.7), we obtain the
desired result,

d
dt

(
∂L
∂q̇1

)
=

∂L
∂q1

, (2.11)

Similar procedure should be performed for the variables q2 and q3.
Let us comment now what we have. After introducing by definition the Lagrange

function, L, we have derived the equations of motion that involve this function. One
can think that this is just a reformulation of Newton’s equations of motion. However,
now we do not need the concept of forces. Rather, the kinetic and potential energies are
involved. The Lagrange equations of motion are the second-order differential equations.
To solve them a set of boundary conditions is needed. Namely, the initial velocities and
initial coordinates (as in Newton’s formulation). One can attempt to develop or construct
statistical mechanics of many particles by using Lagrangian function.

As an illustration of the application of a new form of equations of motion, one can
redo the last exercise from the chapter 1 (concerned with the circular motion of a particle
around attractive center). Recall that in polar coordinates, x = rcosθ and y = rsinθ. Then,

ẋ = ṙcosθ − rsinθ · θ̇; ẏ = ṙsinθ + rcosθ · θ̇, (2.12)
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and the Lagrangian function for this problem is in the form,

L = K − U =
m
2
(ẋ2 + ẏ2)− U =

m
2
(ṙ2 + r2θ̇2) +

α

r
. (2.13)

Then the equation of motion involving polar coordinates are:

d
dt

(
∂L
∂θ̇

)
=

d
dt
(mr2θ̇) =

∂L
∂θ

= 0, (2.14)

d
dt

(
∂L
∂ṙ

)
=

d
dt
(mṙ) =

∂L
∂r

= mrθ̇2 − α

r2 . (2.15)

The Eq. (2.14) yields conservation of the angular momentum, while Eq. (2.15) is the desired
equation of motion,

mr̈ = mrθ̇2 − α

r2 . (2.16)

All the trick was just to express the Lagrangian function in terms of appropriate coor-
dinates. Still, to solve the equations of motion one needs to apply certain boundary
conditions.

2.2 Hamiltonian formulation
The Lagrange equations of motion are the second-order differential equations and require
the boundary conditions for the velocities and coordinates, say 6N constants for the system
of N particles. It is seducing to put the following question: is it possible to apply more
equations but of lower order than the Lagrange’s equations? This is precisely how the
Hamiltonian formulation of mechanics is done.

Assuming that the Lagrange’s function, L is given, we would like to eliminate velocities
and introduce the generalized momenta. By definition, the generalized momenta are,

pi = (∂L/∂q̇i), i = 1,2, ..,3N (2.17)

It is said, that pi is conjugate to qi, e.g. px = mẋ = (∂L/∂ẋ). Now, let us define the
Hamiltonian by,

H(p,q) =
3N

∑
i=1

pi q̇i − L(q̇;q), i = 1,2, ....,3N (2.18)

where q̇ in L should be eliminated using the definition in Eq. (2.17). To proceed, we recall
that the kinetic energy in general can be written as,

K =
3N

∑
i=1

ai(q1,q2, · · · ,q3N)q̇2
i , (2.19)

where the parameters ai usually are just constants and do not depend on the coordinates
explicitly. With this form of kinetic energy we have,

pi = (∂L/∂q̇i) = (∂K/∂q̇i) = 2ai q̇i. (2.20)

Then,

H(p,q) =
3N

∑
i=1

pi q̇i − L = 2
3N

∑
i=1

ai q̇2
i − L = K + U. (2.21)

So, we see that the Hamiltonian just is the total energy.
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From the first part of this chapter, we should note that the Lagrange’s function does
not depend on time explicitly. Having this in mind, we would like to show that dH/dt = 0,
i.e. that the Hamiltonian does not depend on time as well. According to the definition
given by Eq. (2.18) for the Hamiltonian, we see that,

dH = ∑
i

q̇idpi + ∑
i

pidq̇i − ∑
i
(∂L/∂q̇i)dq̇i − ∑

i
(∂L/∂qi)dqi. (2.22)

Now, the definition of the momenta according to Eq. (2.17) can be used to get,

dH = ∑
i

q̇idpi − ∑
i
(∂L/∂qi)dqi (2.23)

Next, we apply the Lagrangian equations of motion given by Eq. (2.6) to arrive at the
result,

dH = ∑
i

q̇idpi − ∑
i

ṗidqi. (2.24)

On the other hand, we know that the Hamiltonian is the function of momenta and
coordinates, H = H(p,q). Thus,

dH = ∑
i
(∂H/∂pi)dpi + ∑

i
(∂H/∂qi)dqi. (2.25)

Therefore, it follows from the comparison of Eqs. (2.23) and (2.25) that,

(∂H/∂pi) = q̇i; (∂H/∂qi) = − ṗi. (2.26)

We see that the evolution of momenta and of coordinates in time is determined by the
derivatives of the Hamiltonian. Two equations in Eq. (2.26) are the equations of motion in
the Hamiltonian form. For the system of N particles, there are 6N first-order differential
equations that require 6N boundary conditions.

Consequently,

dH/dt = ∂H/∂t + (∂H/∂p)(dp/dt) + (∂H/∂q)(dq/dt) = 0, (2.27)

because of equations of motion given by Eq. (2.26). Thus, the Hamiltonian is the integral
of motion. The Hamilton formulation of mechanics is conceptually most convenient for
the development of statistical mechanics.

Exercise 2.1 Offered as a homework: Necessary mathematical elements for a few next
steps are: 1) transformation from Cartesian coordinates to cylindrical and spherical
coordinates, 2) Jacobian of transformation between different sets of coordinates, 3)
gradient in spherical coordinates. ■

2.3 From mechanics to thermodynamics
The simplest thermodynamic system serving as a cornerstone for further developments is
an ideal gas. For sufficiently dilute gases it has been found experimentally that the ratio
P/[(N/V)T] equals to a universal constant kB for various gases composed of monoatomic
molecules. Here, N/V is the number density of particles of a gas (it should be quite small),
and kB is the Boltzmann constant. In other words, the equation of state simply is,

PV = NkBT. (2.28)

On the other hand, it is convenient to refer to experimental observations to claim that the
energy of a dilute monoatomic gas denoted as E, is,

E =
3
2

NkBT. (2.29)
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Concerning the notion of ideal gas, we refer to a macroscopic system of N point particles
with mass m in a macroscopic volume V. The principal issue is that the number density of
particles is such that the average distance between any pair of particles is very big. It is an
imaginary construction that physically is realized in very dilute gases. In such physical
system, one can mention that the distance between particles should be much larger than
the range of interparticle interaction. We restrict our attention to one-component systems
unless specified.

If the kinetic energy of a single particle i is mv2
i /2, then the total energy of the system

at a given instant of time is,

E =
1
2

N

∑
i=1

mv2
i . (2.30)

It is assumed that any external influence on the system is absent but the walls of the
container determining the volume V. Moreover, to make things clear, we would like to
note another important assumption. We assume that average energy of the system is
constant (i.e. it is a thermodynamic system in equilibrium) but the instantaneous values
of energy can change with time either due to collisions of particles with the walls or not
frequent but possible inter-particle collisions. So, there exists certain mechanism of the
redistribution of energy in the system. Referring to any measurement performed on real,
even very dilute system, the observer obtains an average value of energy that can be
formally written as follows,

Eτ =
1
τ

τ∫
0

E(t)dt. (2.31)

Here, the bar denotes the time average and τ is the time interval of the measurement. As
a postulate, it is assumed that a thermodynamic quantity equals to the long time average
of the corresponding microscopic quantity. So, in the case of a dilute, monoatomic gas the
energy of the system (in thermodynamic sense) is,

E =
1
2

N

∑
i=1

mv2
i =

1
2

Nmv2, (2.32)

where mv2/2 is the average kinetic energy of any particle of the gas. The sum has been
formally performed because all the particles are equivalent. The notion of time average in
the equation above expresses everything what we in fact do not know about the behavior
of the system or more specifically about the initial distribution of the coordinates of
particles and of the time evolution of their velocities.

Comparing this result above with the experimentally grounded observation expressed
by Eq. (2.29), we obtain,

1
2

mv2 =
3
2

kBT. (2.33)

To conclude, it appears that the average kinetic energy of a particle in dilute gas at thermal
equilibrium is proportional to the absolute temperature. Using this relation, the link
between the kinetic energy and the equation of state can be established. Namely,

P =
1

3V

N

∑
i=1

mv2
i =

1
V

N

∑
i=1

mv2
ix = NkBT/V, (2.34)

because the system in question is isotropic in absence of any external field, and thus,

v2
i = v2

ix + v2
iy + v2

iz, v2
ix = v2

iy = v2
iz. (2.35)
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How to perform the time average is an open question at the moment. Actually, it is
impossible to do, because we would need to measure in practice velocity of a particle
along sufficiently large interval of time for many-particle system or in theory to solve
equations of motion.

Time averaging is a consequence of microscopic approach to describe thermodynamic
systems and to deal with time evolution of micro-states. Hence, alternative approaches
should be constructed. Intuitively, one would think to take advantage of the concept of
probability.
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3.1 Towards ensemble averages

In the previous chapter we have shown that the equation of state (EOS) of an ideal
gas is the result of time averaging of the kinetic energy of the system, see Eq. (2.34) of
chapter 2. The question left open is: what does it mean? and/or how to perform such
average? The time averaging is required because of application of microscopic approach
to a thermodynamic system. This averaging reflects ”smoothing” of the description of
the time evolution of microscopic states for a given system subjected to thermodynamic
constraints.

In order to explain the calculation of an integral over time in Eq. (2.31), we would
like to give the following reasoning. Assume, that a system is characterized by a random
variable, K (it is a kinetic energy in our case), which takes a sequence of values, K1,K2, ...
(discreteness is assumed for simplicity) as a function of time. The time of observation,
τ, should be large enough to obtain a reasonable result after this kind of measurement
because at short times, certain relaxation processes can occur resulting in a drift of an
average. However, more important is that the values for K fluctuate even after the system is
well equilibrated. So, we imagine formally that the values K1, K2, ... can be observed during
time intervals t1, t2, ..., respectively. With this discretized version, the time averaging leads
to the result,

K = ∑
i

Ki
ti

τ
. (3.1)

If τ is quite large, and the number of intervals, i, is very big as well, one can intuitively
interpret ti/τ as the probability Pi for occurring the value Ki. The overline over K in the
(l.h.s.) of Eq. (3.1), denotes this kind of average, i.e. the time average over microstates
that change upon time. Recall, the the entire physical system in question is considered or
encountered under certain conditions, e.g. N,V, T. The system is considered in equilib-
rium. The number of thermodynamic parameters or macroscopic constraints describing
the state of a system is just three for one-component case. Concerning the constraints, we
are not restricted to N,V, T. Namely, the N,V, E, or N, P, T, or µ,V, T (µ is the chemical
potential) macroscopic constraints can be applied.

Let us now, think in another way and perform gedankenexperiment (imaginary or
thought experiment). Namely, imagine a set of the systems (the same as the original)
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all subject to the same macroscopic constraints or equivalently under the same thermo-
dynamic conditions. For example, take a set of NVT equal systems, all equilibrated by
contact with the same thermal bath. All these copies may refer to certain NVT original
system and are called replicas. Apparently, all these replicas are equivalent for exter-
nal observer because they represent copies of a system of our interest under the same
constraints.

The microscopic state of all particles (as determined by the coordinates and momenta
of particles) in any of these replicas is certainly different and unknown or inaccessible,
however. The number of replicas of a system in the imaginary construction, M, is very
big. It should be so big, such that there are ν1,ν2,ν3, ... copies in which a random variable,
K, takes values, K1,K2,K3, .... The number of copies, M, should be very big to include All
possible values of K that are observed upon evolution of a single original system in time.
A set of replicas is called an ensemble. It is important to mention, that the imaginary
experiment for producing replicas does not involve time variable, say we pick up all
replicas at arbitrary instant of time.

In order to put these two points of view together, time evolution and replicated single
system under the same constraints, we note that for a given random variable, K,

ti

τ
→ Pi;

νi

M
→ Pi,

(3.2)

for τ → ∞ and M → ∞, both yielding the probability to get the value Ki. Hence, the
long-time average and ensemble average for certain characteristics of thermodynamic
system can be expressed in terms of probability calculated differently. The ensemble
average is usually denoted by < ... >, so we can use the equation above to get,

K =< K >= ∑
i

KiPi. (3.3)

This is the principal postulate of the ensemble theory. It is also known as ergodic hypothe-
sis. The ensemble theory always yields the results in agreement with thermodynamics,
this can be considered as an implicit proof of the validity of such theory. At the moment,
we have introduced a new construction, but how to perform ensemble average is not
specified.

Therefore as an illustration, let us make the following exercise. The EOS of an ideal
gas involves thermodynamic parameters T, and P. Also it contains the number density
of a gas, n = N/V. Evidently, the temperature has statistical meaning. Intuitively, the
pressure, P, has statistical meaning as well, as it is a mechanical property related to the
velocities or the kinetic energy of particles in a dilute gas.

The pressure is the force per area, the force is the ingredient of Newton’s mechanics
via equation of motion. In close similarity to the Exercise 1.4 of chapter 1, we write
F/S → m d

dt (
dx
dt )/S → ∆p

∆t /S, where the momentum, p, p = mv. It is the relation between
the moment, ∆p, given to a unit surface during time interval ∆t. In such setup, it is
assumed that a particle moves in the direction of x axis and can strike or collide with the
surface in the yz plane.

The momentum change upon elastic collision of a single particle with the surface is
2px, where px is the projection of the momentum p on x axis. We have noted above that
for a many-particle system we need to calculate the ensemble average to obtain a property
of interest. Assume that there exists certain, unknown for the moment, distribution of
velocities or equivalently of momenta of particles.

In contrast to comments given above for the case of discrete variable, we would like to
deal with continuous variable and apply machinery similar to the last part of previous
chapter 2.
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Let us assume that there exists the probability density distribution of particles accord-
ing to the value of their momenta and denote it by w(px). Then, dw(px) = w(px)dpx is the
probability that x-component of momentum of a particle is in the interval (px, px + dpx).

The number of particles with momenta in this interval is ndw(px) where n = N/V is
the number density of a gas as already mentioned above. Denote the time interval of our
observation as τ. Not all the particles from the system collide with the surface, but only
those that are sufficiently close to it. In other words, the particles reach the surface in time
τ only, if they are at most at a distance (px/m)τ. Thus, the total change of momenta per
time interval yielding the pressure would be,[

(2px)(ndw(px))
( px

m

)
τ
]

/τ. (3.4)

The pressure comes out from the particles with arbitrary values of momenta, directed to
the surface,

P =
2n
m

∞∫
0

(px)
2dw(px). (3.5)

The key issue that we have not studied so far, is to have expression for dw(px) or
equivalently to know how the momenta of particles are distributed probabilistically. Let
us take the probability density distribution of momenta, w(px), from, say molecular
physics, and use the following expression,

w(px) =
1

(2πmkBT)1/2 e−p2
x/2mkBT. (3.6)

It is worth mentioning that the distribution function has exponential form. The kinetic
energy enters with negative sign, actually the ratio of kinetic energy and thermal energy
is in the exponent. Then, the pressure can be calculated straightforwardly,

P =
2n
m

1
(2πmkBT)1/2

∞∫
0

(px)
2e−p2

x/2mkBTdpx = nkBT. (3.7)

So, what is the trick? The answer is, take the probability distribution and express desirable
thermodynamic property using the distribution.

A brief description of the probability theory is given in Appendix 26.2.

Exercise 3.1 Offered as a homework: Perform the integration of the type,
∫

dxx2 exp[−cx2].
Prior to that calculate the Gaussian integral

∫
dx exp[−cx2] by using transformation

from Cartesian coordinates to polar coordinates.
■

3.2 Maxwell distribution

Let us continue with theoretical developments for dilute gas using the ideal gas model.
Assume that the gas is under N,V and T conditions. Consider a particle belonging to
a system of an ensemble (chosen at random) and assume that the particle has velocity
components in the small interval (vx,vx + ∆vx), (vy,vy + ∆vy) and (vz,vz + ∆vz), around
the point vx,vy,vz. The volume element describing the interval is ∆vx∆vy∆vz = ∆3v.

Our intention is to obtain the probability distribution p(v,∆3v). It is determined
through the probability density ϕ(v),

ϕ(v) = lim
∆vx ,∆vy,∆vz→0

p(v,∆3v)
∆vx∆vy∆vz

. (3.8)
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If the limit above is performed, we have

p(v;d3v) = ϕ(v)d3v. (3.9)

The probability density should satisfy the normalization condition over the entire space of
velocities,

∞∫
−∞

dvx

∞∫
−∞

dvy

∞∫
−∞

dvzϕ(v) = 1. (3.10)

In order to proceed, we need now to derive the function ϕ(v). According to the original
ideas of Maxwell it has been assumed that:

1. The function ϕ(v) depends on velocity solely through the kinetic energy, i.e. it
depends on v2 rather than on v itself,

ϕ(v) = ϕ(mv2/2), (3.11)

This assumption expresses that the system is isotropic, i.e. there is no preferential direction.
2. The components of the kinetic energy in Cartesian coordinates contribute equally

and independently into the function ϕ(v), i.e.

ϕ(v) = γ(mv2
x/2)γ(mv2

y/2)γ(mv2
z/2), (3.12)

where γ(x) is an unknown function and mv2/2 = m(v2
x + v2

y + v2
z)/2.

3. Final assumption is that the function γ(x) is differentiable. In some sense it means
that the acceleration is well defined as it is the derivative of velocity.

With these assumptions, the form of the density probability function can be obtained
rather straightforwardly. To begin with, consider the differentiable functions f and g with
the following property (in the spirit of assumption 2 above),

f (x + y) = g(x)g(y), (3.13)

for any values of arguments x and y. Take derivative of this equation by the argument x

f ′(x + y) = g′(x)g(y), (3.14)

and by y,

f ′(x + y) = g(x)g′(y). (3.15)

Then,

g′(x)g(y) = g(x)g′(y), or
g′(x)
g(x)

=
g′(y)
g(y)

. (3.16)

The arguments x and y are independent, in consequence the equation above implies that

g′(x)
g(x)

= −β, (3.17)

where β is arbitrary constant. The solution of the first-order differential equation is,

g(x) = αe−βx. (3.18)

Here α is the integration constant, unknown for the moment. Repeating similar develop-
ment for the function dependent on three arguments, f (x + y + z) = g(x)g(y)g(z), one
can easily obtain similar result as above.
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Consequently, returning to the assumption number 2 of Maxwell, we can write down
the density distribution function ϕ(v) as,

ϕ(v) = ϕ(mv2/2) = α3e−βmv2/2. (3.19)

The unknown constant of integration α can be determined from the normalization condi-
tion for the probability density distribution,∫

d3vϕ(v) = α3
∫ ∫ ∫

dvxdvydvze−βm(v2
x+v2

y+v2
z)/2 = 1. (3.20)

Calculation of three equal by form integrals, over vx, vy and vz, is necessary to perform
(exercise requested above: obtain the result of integration

∫
dxdyexp[−c(x2 + y2)] by

using polar coordinates). As the result, we get the constant of integration,

α = (βm/2π)1/2. (3.21)

Still, the parameter β is not determined. To get it, recall Eq. (2.33), mv2 = 3kBT. Then,
the result is,:

β = (kBT)−1. (3.22)

Therefore, the final form of the Maxwell distribution is,

ϕ(v) =
(

m
2πkBT

)3/2

exp
(
− mv2

2kBT

)
. (3.23)

Our result refers to an isothermal system, dilute, or say ideal gas, composed of particles
with the mass m. The dispersion of the distribution (characteristic width) is determined by
the statistical parameter T and by mass of particles. Because, N particles are independent,
we conclude that for the entire system, the probable number of particles having velocities
in the interval v and v + d3v is Nϕ(v)dvxdvydvz.

In close similarity with the development above, it is worth noting that any kind of
average of arbitrary function of velocities, h(v) can be calculated using the probability
density distribution as,

< h(v) >=
∫

d3vh(v)ϕ(v). (3.24)

This expression can be used in several aspects. Namely, for example we need to
describe the probability that the x component of velocity of a particle lies in the interval,
vx,vx + dvx, regardless of the values of velocity along y and z directions. Then,

ϕx(vx)dvx = dvx

∞∫
−∞

∞∫
−∞

dvydvzϕ(v) =
(

m
2πkBT

)1/2

exp
(
− mv2

x
2kBT

)
dvx. (3.25)

Next, with the result above, it can be easily shown that,

< vx >=

∞∫
−∞

dvxvxϕx(vx) = 0. (3.26)

Similarly, < vy >=< vz >= 0.

Exercise 3.2 A particle has the point dipole moment µ. It is free to rotate with respect
to (w.r.t.) the center of mass. Assume the center of mass (COM) frame in spherical
coordinates, with angles θ and φ; 0 < θ < π, 0 < φ < 2π. The projection of the dipole
moment on the z-axis is µz, µz = µcos θ. The probability that a dipole is oriented in the
solid angle sin θ dθdφ is,

dp = ωsin θ dθdφ, (3.27)
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where the probability density, ω, is ω = 1/4π. Calculate the mean < µz > and the
mean square < µ2

z > of the projection of the dipole moment. ■

Exercise 3.3 With the given probability density distribution,

ω =
µEexp(−µEcos θ/kBT)

2πkBT [exp(µE/kBT)]− exp (−µE/kBT)
. (3.28)

Calculate the mean < µz > and the mean square < µ2
z > of the projection of a dipole

moment under the influence of an external electric field, E, directed along z-axis.
■



4. Applications of the Maxwell distribution

4.1 Some applications of the Maxwell distribution
In the Appendix 26.2, Eq. (26.26), we have used the result for the continuous probability
density distribution of a real random variable in the form,

ϕ(x) =
1√
2π

e−
1
2 x2

. (4.1)

It is called as normal or Gaussian distribution. However, the general form of this function
is,

f (x) =
1

σ
√

2π
exp

[
−1

2
(x − µ)2

σ2

]
, (4.2)

where the parameter µ is the mean (or expectation value) of the distribution, and the
parameter σ is denominated as its standard deviation. The variance of the distribution is
σ2. Thus, the Eq. (4.1) is the simplest case of a normal distribution with µ = 0 and σ = 1
called as the standard normal distribution.

For the sake of comparison, recall that the one-dimensional Maxwell distribution for
the velocity component along, for example x axis, is,

ϕ(vx) =

(
m

2πkBT

)1/2

exp
(
− mv2

x
2kBT

)
. (4.3)

Thus, µ = 0 and the standard deviation σ = (kBT/m)1/2.
Mathematical note: 1) definition of the cumulative distribution function (CDF) of the

standard normal distribution is like we used in Appendix 26.2, Eq. (26.34),

Fξ(x) =
x∫

−∞

fξ(t)dt. (4.4)

Then, for normal distribution,

Fξ(x) =
1√
2π

x∫
−∞

e−t2/2dt. (4.5)
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2) It is intrinsically related to the frequently used special function, called the error function
( denoted as erf(x)) that involves integration of the normal distribution of mean µ = 0 and
variance σ2 = 1/2,

erf(x) =
2√
π

x∫
0

e−t2
dt. (4.6)

This function has several applications in statistical mechanics.
End Mathematical note.
In physics, we use the term called root mean square (rms) width or rms deviation, it is

equivalent to the variance of the density distribution. In the case of the x-component of
velocity, it is,

vrms
x = (< (vx− < vx >)2 >)1/2. (4.7)

Note, from the right to left: root, then mean, then square and then deviation of the variable
from its average. It can be written or performed as follows,

(vrms
x )2 =< (vx−< vx >)2 >=< v2

x >−2 < vx < vx >>+< vx >
2=< v2

x >−< vx >
2 .

(4.8)

We have seen already in the previous chapter, that < vx >= 0, and that < mv2
x > = kBT.

Hence,

vrms
x =

√(
kBT
m

)
. (4.9)

Fig. 4.1 illustrate the distribution of the x-component of particle velocities according to
the Maxwell distribution. The root-mean-square velocity vrms

x increases upon increasing
temperature, according to Eq. (4.9). Thus, the distribution is wide at a high temperature.
In contrast at a low temperatures the distribution is quite narrow.
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Fig. 4.1: Distribution of the x-component of particle velocities from the Maxwell distribu-
tion given by Eq. (4.3) (m/2πkB = 1).

Although the average velocity of a molecule chosen at random belonging to a system
taken at random from an ensemble of ideal gases considered at N,V an T conditions is
zero as we have obtained above, the average speed of this molecule is non-zero. The
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average speed is one of important characteristics of the thermal motion of molecules in
the system under consideration. By definition, the speed of a molecule that has velocity v
is the magnitude or the absolute value of velocity, i.e. it is v =

√
vv.

In order to calculate it, it is convenient to use the spherical coordinates v,θ, φ. Thus, the
Cartesian coordinates should be transformed into the spherical coordinates, v = ivx + jvy +

kvz with vx = vsinθcosφ, vy = vsinθ sin φ and vz = vcosθ. Note that, v =
√

v2
x + v2

y + v2
z ,

and the Jacobian of transition from Cartesian to spherical coordinates to perform next the
integration is,

dvxdvydvz = Jdvdθdφ = v2dvsinθdθdφ, (4.10)

where 0 ≤ v ≤ ∞, 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π. Then, the average speed < v > is,

< v >= (m/2πkBT)3/2
2π∫
0

dφ

π∫
0

sinθdθ

∞∫
0

dvv3 exp{−[mv2/2kBT]} =
√

8kBT
πm

. (4.11)

This expression permits to establish relation between the average speed of a molecule
or atom in a dilute gas and certain characteristic velocity. It appears that < v > is of the
order 104cm/s, i.e of the same order as the speed of sound (the latter can be interpreted
as the transmission of density perturbations in air). Thus, the sound propagation is
straightforwardly related to molecular motion.

Additional features of the motion of particles in a dilute gas can be obtained by defining
the distribution of speeds. We assume that Φ(v)dv is the probability that the magnitude
or absolute value of the speed of an arbitrary particle of a gas is in the interval (v,v + dv),
irrespective of the direction of the vector of velocity, v, of a particle, i.e.,

Φ(v)dv =

2π∫
0

dφ

π∫
0

sinθdθv2ϕ(v)dv. (4.12)

Thus, the corresponding probability density function of speed is,

Φ(v) = 4πv2ϕ(v). (4.13)

Just recall, that ϕ(v) depends on the magnitude of v only.
In order to find the most probable speed, ṽ, it is necessary to solve the equation,

dΦ(v)
dv

∣∣∣∣
v=ṽ

= 0. (4.14)

Taking the derivative, one obtains,

ṽ =

(
2kBT

m

)1/2

. (4.15)

One can construct the graph of the function Φ(v) to see that it has the bell-like shape with
the maximum at ṽ.

Referring to the previous developments in this chapter, Eqs. (4.7)- (4.9), the rms
deviation of velocity can be evaluated taking into account that v2 = v2

x + v2
y + v2

z . Then,

vrms = {< (v− < v >)2 >}1/2 =< v2 >1/2=
√

3kBT/m. (4.16)

It follows then with the sake of analysis, that,

ṽ < < v > < vrms. (4.17)
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In Fig. 4.2, the distribution of speeds, Φ(v), in units of (m/2kBT)1/2 as a function of speed
v is shown. The most probable speed ṽ, the average speed ⟨v⟩, and the root-mean-square
speed vrms are marked in the figure.
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Fig. 4.2: Distribution of speeds, Φ(v), in units of (m/2kBT)1/2 as a function of speed v.

Having established the sequence of characteristic velocities, let us proceed now to the
intent of description of possible collisions between particles. The reason of doing that is in
establishing a more comprehensive insight into the properties of dilute gas.

4.2 Mean free path and mean collision frequency

The concepts of the free path and collision frequency represent natural extension of the
application of Maxwell distribution of velocities. Evidently, the interactions between
particles, atoms or molecules exist in any aggregation state of matter. However, in a dilute
gas at equilibrium their effect is negligible, the mean separation of particles is much larger
than the interaction range. Still, the inter-particle collisions can happen. In fact, they
provide mechanism for reaching the equilibrium state.

In order to characterize collisions, let us introduce the notion of the mean free path, λ.
It is the mean distance characterizing motion of a molecule between subsequent collisions.
For simplicity, assume that the molecules are rigid spheres of diameter, d. Concerning
nature of particles, we would just mention that the collisions observed are perfectly elastic,
i.e. without possible dissipation processes. Restrict attention to a one-component gas with
the number density n = N/V at temperature T.

Consider a molecule, numbered as 1 with an average speed vav and observe its move-
ment during certain small interval of time δt. Imagine that the molecule is entering a
cylinder with the length vavδt, the radius of the cylinder is taken to be d. (Make a figure on
your own for better visualization!). The molecule is moving along the axis of the cylinder.
Any molecule with its center inside the cylinder will be struck by the molecule 1 upon
passing time δt. Recall, that the diameter of the cylinder is chosen such to permit pass of
the molecule 1 and the gas density inside the cylinder is n. The setup assumed, permits to
derive an estimate for the number of collision per unit time. Namely, it is the number of
molecules that suffered collisions, i.e., n(vavδt)(πd2) divided by time δt. Thus, the mean
frequency of collisions, ν, is πnvavd2. On the other hand, the mean free path, λ then is,
λ = vav/ν. If we recall that vav =

√
8kBT/πm, then the estimates for ν and λ involve the

characteristics of particles, m,d and the characteristics of a gas n, T.
This kind of reasoning is heuristic in the sense that for exploratory purposes we

have taken into account only the most important features of the phenomenon under
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consideration without referring to any sophisticated mathematical procedure. Specifically,
not all the molecules are treated at the same level, the first molecule is moving (the average
speed is deduced from Maxwell distribution), whereas all the molecules in the cylinder
are assumed motionless. We will see, however, that the truth does not deviate much from
such simplified derivation.

Thus, to get a more adequate description, we need to introduce elements of the
kinematics of collisions. Pair collisions should be included. What we need is to obtain the
probable number of collisions a molecule 1 having velocity in the interval (v1,v1 + dv1)
with all molecules that have velocities in the interval (v2,v2 + dv2) during interval of
time δt. Therefore, we need to have the following mathematical elements, ϕ(v1)d3v1 and
ϕ(v2)d3v2. However, most important, is the direction of the vector, v21, v21 = v2 − v1, the
particles should approach to collide during time interval δt. Consequently, the distance
between centers of two particles should be less than |v21r|δt. The unit vector r is assumed
to be directed along line joining the particle 1 and 2.
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z |v 21
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Fig. 4.3: Schematic representation of the volume element within which molecule 2 must
lie to collide with molecule 1 within the time interval δt.

Let us choose the coordinate system centered on molecule 1 and the orientation of the
z-axis is taken to be along v21 but opposite to the direction of this vector, see Fig. 4.3, (note
the direction of the unit vector k). The molecules 1 and 2 will collide if 2 is in the volume
element dΩd2|v21r|δt. If θ denotes the angle between the vectors v21 and r, collision will
occur if π/2 < θ < π. Recall that d is the diameter of the molecules and equals to the
distance between centers of molecules upon touching each other, dΩ denotes an element
of the solid angle. So, what we need to calculate is the expression,

ϕ(v1)d3v1(nd2 |v21r|δtdΩ)ϕ(v2)d3v2. (4.18)

The average collision frequency, ν, is the number of collisions per time interval. Moreover,
we need to integrate the expression above over v1,v2 and over the solid angle. Solely, the
additional constraint, v21r < 0, or equivalently π/2 < θ < π, should be taken into account
to provide collision. Then, necessary expression to deal with is,

ν =



nd2
∫

d3v1
∫

d3v2
∫

dΩϕ(v1)(|v21r|)ϕ(v2) =

−2πnd2
π∫

π/2
cosθsinθdθ

∫
d3v1

∫
d3v2|v21|ϕ(v1)ϕ(v2) =

πnd2
∫

d3v1
∫

d3v2|v21|ϕ(v1)ϕ(v2).

(4.19)
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The final step of calculations requires transformation of velocity coordinates. Namely,
it is necessary to make transformation from v1 and v2 to the sum and difference,

G =
1
2
(v1 + v2), g = (v2 − v1). (4.20)

Then,

v2
1 + v2

2 = 2G2 + g2/2. (4.21)

Taking into account that, d3v1d3v2 = d3Gd3g, then substituting the Maxwell distributions
explicitly, and using spherical coordinates, the last line of Eq. (4.19) becomes:

ν = πnd2(m/2πkBT)3(4π)2
∞∫

0

dGG2 exp
[
−mG2/kT

] ∞∫
0

dgg3 exp
[
−mg2/4kT

]
. (4.22)

The integrals of this sort has been used in the previous chapters. Then, the final result is,

ν =
√

2n
(

8kBT
πm

)1/2

πd2, λ =
1

(
√

2)πnd2
. (4.23)

These two expressions show what kind of corrections enter the results coming out from
heuristic arguments.

Exercise 4.1 Perform integrations explicitly in Eq. (4.22) and obtain the result. ■



5. Gas in an external field

5.1 Boltzmann factor and barometric formula

Our developments in the previous chapters have been restricted to homogeneous dilute
gases, any kind of external influence or external field has not been present. Thus, the
density of particles is constant throughout the system. However, in the presence of the
external field, the situation becomes different. Evidently, the air density at Acapulco is
different from its density at the top of Mount Everest. It is the result of action of the
gravitational field.

Let us consider, this kind of problem from the fundamental point of view. The system
in question is a dilute isothermal gas in the presence of the gravitational field. The
force acting on particles is assumed conservative, i.e. it is determined by the scalar
potential, u(r), and is F =−∇u(r). If the force acting on the particle is due to gravitational
field, it is F = −mgk, where k is the unit vector normal to the earth’s surface pointing
vertically upwards. The potential generating this force is u(r) = mgkr = mgz, where z is
the coordinate of the particle in this frame.

We would like to find the relation between the local hydrostatic pressure, P(r), of a
fluid at equilibrium, and the external force F(r). To do that, consider a small volume
element of a fluid at arbitrary point of space (x,y,z), with the volume ∆x∆y∆z. The
pressure of the fluid surrounding the element leads to a surface force acting on each face
of the volume element. This force is normal to the face and is directed into the element. In
the Cartesian coordinates in laboratory frame with z axis pointed upwards, the net force
acting from outside into the element is,

−k
x+∆x∫
x

dx
′

y+∆y∫
y

dy
′
[P(x

′
,y

′
,z + ∆z)− P(x

′
,y

′
,z)], (5.1)

along z-axis, and,

−j
x+∆x∫
x

dx
′

z+∆z∫
z

dz
′
[P(x

′
,y + ∆y,z

′
)− P(x

′
,y,z

′
)], (5.2)
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−i

y+∆y∫
y

dy
′

z+∆z∫
z

dz
′
[P(x + ∆x,y

′
,z

′
)− P(x,y

′
,z

′
)], (5.3)

along y and x axes, respectively. Fig. 5.1 shows a schematic representation of body and
surface forces acting on a small cubic volume element of a fluid at equilibrium.
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Fig. 5.1: Schematic representation of body and surface forces on a small cubic box in an
equilibrium fluid.

The balance between the surrounding and the body also involves the opposite force.
The body force, in contrast to the surface force, expresses action of the body from the
inside of the volume element to outside. The fluid in the volume has the number density
n. Thus, the body force can be formally written as follows,

x+∆x∫
x

dx
′

y+∆y∫
y

dy
′

z+∆z∫
z

dz
′
[inFx(x

′
,y

′
,z

′
) + jnFy(x

′
,y

′
,z

′
) + knFz(x

′
,y

′
,z

′
)]. (5.4)

Because of hydrostatic equilibrium, the sum of two forces should cancel or in other
words the force balance should fulfill. Hence, we can write down three equations express-
ing this fact. In the case of x-component, for example, we have,

− 1
∆y∆z

y+∆y∫
y

dy
′

z+∆z∫
z

dz
′ [P(x + ∆x,y

′
,z

′
)− P(x,y

′
,z

′
)]

∆x

+
1

∆y∆z∆x

x+∆x∫
x

dx
′

y+∆y∫
y

dy
′

z+∆z∫
z

dz
′
nFx(x

′
,y

′
,z

′
) = 0,

(5.5)

where the force balance equation has been divided by the volume of the element. Let us
perform the limit lim∆x→0, to deal with infinitesimal volume. Then, the integrand in the
first, upper line of equation yields ∂P(x,y

′
,z

′
)/∂x. Concerning the second, lower line in

Eq. (5.5), it is,

lim
∆x→0

x+∆x∫
x

dx
′
nFx(x

′
,y

′
,z

′
) = nFx(x,y

′
,z

′
), (5.6)
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in accordance to the mean value theorem. In consequence, the equation above becomes,

1
∆y∆z

y+∆y∫
y

dy
′

z+∆z∫
z

dz
′

[
−∂P(x,y

′
,z

′
)

∂x
+ nFx(x,y

′
,z

′
)

]
= 0. (5.7)

Next, we would like to perform successively two more limits, lim∆y→0 and lim∆z→0,
using the mean value theorem, and obtain,

−∂P(x,y,z)
∂x

+ nFx(x,y,z) = 0. (5.8)

Similar procedure should be performed w.r.t. the y and z components of the force balance
equation. With these three results if combined and multiplied by unit vectors of the Carte-
sian coordinate system , the condition of hydrostatic equilibrium leads to the following
result,

−∇P + nF = 0. (5.9)

It is worth noting that we have not resorted to the dilute gas concept explicitly. Exploit
this notion now by using the equation of state of ideal gas, P = nkBT and recall the
definition of the force, F = −∇u. Then,

−∇P − P
kBT

∇u = 0; ∇(lnP) = − 1
kBT

∇u. (5.10)

Interestingly, we observe that this equation expresses spatial dependence of the pressure
of a dilute gas in terms of the potential energy of the system due to the external field solely
(the potential energy due to inter-particle interactions is zero within the ideal gas model).
Moreover, we have not resorted to the notion of gravitational field in the procedure. Thus,
the result in our disposal is general, it applies to any kind of conservative forces related to
the scalar potential of an external field.

The solution of the first-order differential Eq. (5.10) has the form,

P(r) = P(r0)exp
{
− [u(r)− u(r0)]

kBT

}
, (5.11)

where P(r0) and u(r0) represent the boundary condition describing the pressure and the
potential energy due to the external field at some reference point r0, respectively.

In the particular case, when the external filed is the gravitational field, the result is,

P(z) = P(z0)exp
{
− mg

kBT
(z − z0)

}
, (5.12)

known as the barometric formula describing change of pressure with relative height z − z0
for isothermal system.

There exists another line of analysis of the final result for pressure for the system under
the influence of the external field.

5.2 Analysis and consequences
One can exclude pressure, P, from Eq. (5.10) in favor of fluid density for ideal gas (n =
P/kBT), to arrive at the Boltzmann equation,

n(r) = n(r0)exp
{
− [u(r)− u(r0)]

kBT

}
. (5.13)

The ratio, n(r)/n(r0), describes the relative number density of particles at a point w.r.t. the
point of reference. It is determined by the Boltzmann factor, exp{−[u(r)− u(r0)]/kBT}.
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Commonly, the Boltzmann factor is the exponential, containing either the interaction
potential between particles or the potential describing the external fields as we have at
present.

Interestingly, the equation permits seducing statistical interpretation. If we denote by
d3r the volume element at r, and interpret n(r) as the distribution of the number density
of particles as in fact it is, then n(r)d3r is the probable number of particles in this volume
interval, i.e. in the interval (r, r + d3r). The dilute gas in question has been considered at
under N,V and T conditions. Hence,

N =
∫
V

n(r)d3r = n(r0)exp{u(r0)/kBT}
∫
V

exp{−u(r)/kBT}d3r. (5.14)

Therefore, we are able now to eliminate unknown constant n(r0)exp{u(r0)/kBT},

n(r0)exp{u(r0)/kBT} = N/
∫
V

exp{−u(r)/kBT}d3r. (5.15)

The number density distribution given by Eq. (5.13) can be written thus in a more elegant
form,

n(r) = N
exp{−u(r)/kBT}∫

V
exp{−u(r)/kBT}d3r

. (5.16)

Let, introduce now the function p(r) by the definition,

p(r) =
n(r)

N
=

n(r)∫
V

n(r)d3r
. (5.17)

According to the comments above, concerning the meaning of n(r)d3r, we observe that
the function p(r) has sense of the probability density or the distribution function in the
coordinate space, as it is correctly normalized

∫
V

d3rp(r) = 1. However, this function refers

to a particle in the N-particle system.
As we have seen in the first chapter, a microstate of a system of N particles requires to

specify their coordinates and velocities (or moments). If our interest is in a single particle,
we can combine present knowledge and our previous development in terms of Maxwell
distribution. So, if we would like to find the probability for a particle to be in a volume
d3r at a coordinate in the interval (r, r + d3r) and with velocity in the interval (v,v + d3v)
it would be as follows,

p(r)d3rϕ(v)d3v = C exp{−[mv2/2 + u(r)]}d3vd3r, (5.18)

where C is a constant.
From the point of view of ensembles of the systems with N particles, it is seducing and

suggestive to construct the distribution function describing configurations of N particles
such that each of them has certain velocities. Namely, we assume that the desired function
will have the form,

PN(r1, r2, .., rN ;v1,v2, ..,vN) = CN exp{−
N

∑
i=1

mv2
i /2 + UN(r1, r2, .., rN)}. (5.19)

Within the model of ideal gas, the particles are independent, the external field acts on each
of them at their independent positions, thus, the potential energy of the system consists of
independent contributions,

UN(r1, r2, .., rN) =
N

∑
i=1

u(ri). (5.20)
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However, if the particles interact between themselves (as in non-ideal systems), this
function is more complex,

UN(r1, r2, .., rN) =
N

∑
i=1

u(ri) +
N

∑
i,j(i<j)

u2(ri, rj), (5.21)

where u2(ri, rj) is the pair potential of inter-particle interaction. This kind of systems using
realistic models will be the subject of chapters in the final part of our course of statistical
thermodynamics. Moreover, the distribution function of the form given by Eq. (5.19) will
be derived by using the theory of statistical ensembles.





6. Intermolecular pair potential

6.1 Intermolecular interactions
As we have mentioned in the previous chapter, the potential energy of the system of
interacting particles as a function of coordinates has rather complex form. In the case of
the system of one species it can be written as,

UN(r1, r2, .., rN) =
N

∑
i=1

u(ri) +
N

∑
i,j(i<j)

u2(ri, rj), (6.1)

where u2(ri, rj) is the pair potential of inter-particle interaction. The first contribution
comes in play, if the system is under the influence of an external field. On the other hand,
the expression given by Eq. (6.1) is incomplete, because formally, there exists an interaction
between three particles, u3(ri, rj, rk), and of the higher order. This kind of contributions,
coming from many-body interactions, into thermodynamic properties are eventually quite
small and are neglected in the overwhelming majority of problems in the theory of fluids.
Thus, in the entire text of these chapters, we restrict to the form given by Eq. (6.1). Still,
to be more comprehensive, it is necessary to mention that the contribution from pair
interaction into the potential energy of many-component systems is,

M

∑
a,b

N

∑
i,j(i<j)

uab(ri, rj), (6.2)

where M denotes the number of kinds (sorts) of species in the system. If one restricts to
homogeneous and isotropic fluids, the inter particle potential depends on the distance
between particles only,

u2(ri, rj) = u2(|ri − rj)|). (6.3)

The theory of inter-molecular forces represents a quite complicated application of the
principles of quantum mechanics requiring consideration of an assembly of nuclei and
electrons of atoms or molecules. This issue is out of scope of the present text. Rather we
will resort to various models of inter-molecular interactions to capture principal or most
important features of the behavior of specific fluid systems of many particles. In other
words, we will use as realistic models as possible for systems in question.
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One of the important features of model potentials used in the studies of liquids
and solutions is that the pair interaction between particles is repulsive at small inter-
particle distances. This repulsion arises from a rather sophisticated quantum mechanical
considerations that are out of scope of our lecture notes.

The range of repulsion is of the order of average distance between neighboring particles.
The attractive interactions act at larger distances, they change with distance moderately
and contribute less to the liquid structure. In certain sense, we can say that short-range
interaction contribute mostly to the entropic effects whereas the attractive interactions prin-
cipally make effect to energetic properties. Evidently, the system of interacting particles is
unable to convert into liquid from its vapor without inter-particle attraction.

Various theoretical developments in the liquid state theory are based on the perturba-
tion treatment within which the reference system or "model" contains solely the repulsive
interaction. Such simplest and useful model is the fluid of hard spheres in which the pair
interaction is,

u2(r) =
{

∞, r < d
0, r > d , (6.4)

where d is the diameter of spherical particles. Within this model, upon compression a
dilute system will convert into a dense system monotonously, i.e. there is no distinction
between say vapor and liquid. Consequently, one would expect to arrive at either glass-
like or solid phase at a high pressures. The hard sphere fluid model permits development
of several analytic and semi-analytic theories and the application of computer simulations
methodology (like Monte Carlo or discontinuous molecular dynamics) as well. The
model of hard spheres is characterized solely by a single parameter given as a reduced
dimensionless density, ρ∗ = Nd3/V, or as a packing fraction, η = Vocc/V = πNd3/6V
describing ratio of the volume occupied by particles w.r.t. the total volume of the system.
Maximal packing, ηmax, depends on the system dimensionality. Evidently, ηmax = 1 for
1D fluid. For 2D fluid (fluid of hard spheres confined to a plane) ηmax = π

√
3/6 ≈ 0.9069.

Finally, in 3D ηmax = π
√

2/6 ≈ 0.7405.

Exercise 6.1 Analyze the structure and maximum number of neighbors, demonstrating
that the maximum packing fraction ηmax for a 2D fluid and a 3D fluid is approximately
ηmax ≈ 0.9069 and ηmax ≈ 0.7405, respectively. Additionally, examine the three most
common crystal structures: i) body-centered cubic (bcc), ii) face-centered cubic (fcc),
and iii) hexagonal close-packed (hcp). Finally, discuss the significance of the freez-
ing density for the hard-sphere model at η = 0.494 and the glass transition density,
estimated at η ≈ 0.6, and provide an explanation for this difference. ■

Possible, and frequently used extension of this kind of potential is the so-called square-
well fluid model with the potential in the form,

u2(r) =


∞, r < d
−ε, d < r < λd
0, r > λd

, (6.5)

where λ and ε are the width and depth of attractive interaction, respectively. This model
potential is appealing because it permits analytic procedure to be applied. Usually, the
width of the attractive interaction should be chosen neither too wide nor too narrow,
e.g. between 1.5 and 2.0. On the other hand, relation between the potential energy of
interaction with respect to thermal energy is described by the parameter ε/kBT. Thus, one
has two parameters for such model, the packing fraction, η, and reduced dimensionless
temperature, T∗ = kBT/ε. The model permits phase transition from vapor into liquid and
next to a solid phase, dependent on the values of the parameters.

However, more realistic representation of the interaction between a pair of uncharged
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particles is the so-called (12-6) Lennard-Jones (LJ) potential of the form,

u2(r) = 4ε

[(σ

r

)12
−
(σ

r

)6
]

, (6.6)

where σ and ε are the diameter of the molecules and the depth of their attraction, respec-
tively. The potential vanishes as r = σ and attains minimum at r = 21/6σ. This potential is
adequate to model noble gases and methane as well. Examples of various inter-particle
potentials, including the widely-used Lennard-Jones pair potential are shown in Fig. 6.1.
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Fig. 6.1: Examples of short-range inter-particle potentials. Illustrated pair potentials
include: (a) hard-sphere (see Eq. (6.4)), (b) square-well (see Eq. (6.5)), (c) square-well –
square-shoulder, and (d) Lennard-Jones (see Eq. (6.6)).

Several key factors should be considered when describing inter-particle potentials:
i) The particles we deal with not necessarily should be spherical. Namely, if one

aims in the description of liquid crystals, both of the microscopic structure and
thermodynamics, the Gay-Berne model can be used. It is an anisotropic form of the
Lennard-Jones 12-6 potential. Detailed description of the potential and the results
for the phase diagram can be found in the Ref. [11].

ii) We would like to recommend additional reading concerning the modelling of water
by using non-electrostatic potentials, see e.g. Ref. [12, 13].

Let us proceed now to long-ranged potentials. The fundamental interaction between
charged particles is given by Coulomb potential. Let us write down it for the case of two
point particles with charges ezi and ezj separated by the distance r,

uij(r) = e2zizj
1
r

, (6.7)

where e is the elementary charge. It is the central type potential, i.e. the force is acting along
the line between centers of the particles (the force is proportional to 1/r2). Moreover, it is
slowly decaying potential, in comparison to other potentials of the type, 1/rn with n > 1.
The potential is attractive if two charges possess opposite charge and repulsive otherwise.
One comment concerns electrostatic units. If one works in SI units, the proportionality
constant should be 1/4πε0, where ε0 is the vacuum electric permittivity (the all books uses
the CGS units). One should have in mind that ions possess certain diameters, therefore in
the formulation of the theory of electrolyte solutions or ionic melts, one must combine
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e.g. the hard sphere potential describing short-range interactions for r < d and long-range
Coulomb interactions. At the level of primitive modelling of electrolyte solutions only
ionic solutes are taken into account explicitly. The solvent is considered as a uniform
structureless medium characterized by a single parameter ε, it is the dielectric constant.
Then, it is assumed that ions interact via Coulomb potential with account of implicit
solvent, uij(r) = e2zizj/εr.

Our final comment at this point is the following. The system of charges should be
electroneutral in total to provide an equilibrium state, i.e. should satisfy the condition,

M

∑
a=1

ezaNa = 0, (6.8)

where M is the number of types of ions, za is the valency of ions of species a and Na is the
number of ions of species a.

Exercise 6.2 How to make Fourier-transform of the Coulomb potential?. ■

Proceed to one more interesting and important concept. A neutral molecule can be
viewed as a charged nucleus surrounded by electron cloud. If a charge interacts with the
electron cloud, it will deform it, better say polarize it. The interaction potential between a
charge with the magnitude ezi and the polarized molecules is,

u(r) = −e2z2
i

α

r4 . (6.9)

The parameter α is called the polarizability of the molecule. Actually, it is of the order
of the molecular volume. The potential is of central type (if the molecule is spherical),
moreover it is short-ranged (∝ r−4). Also, it is worth mentioning that this potential does
not depend on the sign of charge of the particle that polarizes a molecule, i.e. polarizability
is the characteristics of the molecule under consideration. Finally, if the molecule is of
non-spherical shape, then the polarization potential is angle-dependent, it will depend on
the angle between two vectors, one directed along inter-particle distance between centers,
and another along the major axis of the molecule

Now consider one more physical situation. If in a neutral molecule the nuclear and
electronic charge distribution is such that there is a separation of the centers of positive
and negative charge, then the molecule possesses a permanent dipole moment, µµµ, it has
dimension of charge times distance between charge distributions. It is measured in Debye
units. In general,

µµµ = ∑
i

qiri, (6.10)

where qi describe charge distribution and ri are defined accordingly in the center of mass
(COM) of molecule frame. In Fig.6.2, a schematic representation of water and acetone
molecules illustrating the direction of their dipole moments is given.
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Fig. 6.2: Schematic representation illustrating the direction of the dipole moment of water
and acetone molecules.
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For purposes of statistical thermodynamics of electrolyte solutions or melts, or ion-
molecular plasma, one needs the potential of interaction between ions (or just say charges)
and a molecule having permanent dipole moment. It has the following form,

ui−d(r,µµµ) = −ezi
µµµr
r3 . (6.11)

Evidently, this model potential should be applied at not very small inter-particle distance,
at least outside of the cores describing each particle. The potential decays as r−2 (r/r
defines the unit vector direction) so this potential is long-ranged. It depends on the
distance between the charge and the COM of a molecule, and on the angle between the
dipole moment vector µµµ and vector r. In several applications the true dipole moment is
substituted by a point dipole (of zero length) but the orientation is preserved.

Fluids of molecules that have permanent dipole moment are referred to as polar fluids.
Water, alcohols, dimethylsulfoxide are illustrative examples. The dipole-dipole interaction
is defined as follows,

ud−d(r,µµµi,µµµj) = −
µµµiµµµjr

2 − 3(µµµir)(µµµjr)

r5 . (6.12)

The dipole-dipole potential as a function of inter-particle distance decays as r−3. This
type of decay actually is used to distinguish formally between short-range and long-range
potentials. However, the dipole-dipole interaction depends on the orientations of two
dipoles, µµµi,µµµj. The corresponding angles as well as the orientation of r, are given in
laboratory frame.

6.2 Conversion of the pair interaction potential into external field

We would like to derive the expression for the gas-solid potential energy in the form
of external field starting from pair interaction potentials. The following derivation is
presented according to original development by W. A. Steele [14, 15]. Consider the
following problem.

Put a gas in contact with a solid. Suppose a pair-wise interaction potential between
a gas atom and any atom of the solid, ugs(ρi), is given in the form of the Lennard-Jones
(12-6) potential,

ugs(ρi) = 4εgs

[(
σgs

ρi

)12

−
(

σgs

ρi

)6
]

, (6.13)

where ρi denotes the distance between the gas atom relative to the i-th atom in the solid,
schematically shown in Fig. (6.3).
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z

∆

ρ
i
(x,y,z)

y x

Fig. 6.3: Schematic representation of gas atom over a fragment of graphite solid in the
laboratory frame. ∆ denotes the spacing between carbon layers.

The parameters εgs and σgs describe the depth of the attractive energy well and the size
parameter (cross diameter) of the interaction between gas and solid atoms, respectively. It
is assumed that the total gas-solid energy, Us(r), is equal to the sum of pair-wise energies,

Us(r) = ∑
i

ugs(ρi). (6.14)

Here, r denotes the position of the gas atom relative to some convenient point in the solid
body and the sum in the Eq. (6.14) is performed over all atoms of the solid. So, what
we wish to do, is to obtain an expression for energy of interaction of a gas atom with the
entire solid.

The principal idea of calculations and the principal approximation is in replacing
the discrete set of interaction sites in the solid by a continuous distribution. In other
words, we would like to replace summation in Eq. (6.14) by integration. Let us work
in Cartesian coordinates. Denote the perpendicular distance between the gas atom and
the solid surface as z. Put the solid surface in the xy plane at z = 0. Replace the discrete
variable ρi by the continuous variable ρ. It is defined as,

ρ =
√
(z + Z)2 + X2 + Y2, (6.15)

where we denote the coordinates of an arbitrary volume element in the solid as z + Z and
X, Y. Then, our aim is to obtain,

Us(z) =
∫

solid

ugs(ρ)ndV, (6.16)

that expresses the energy of a gas atom w.r.t. the entire solid as a function of the distance of
this gas atom along normal to the solid surface located at z = 0. Evidently, it is convenient
to use cylindrical coordinates as we have circular symmetry in the surface plane. Note,
that the number of interacting sites in the unit volume of the solid (i.e. the solid density)
is denoted by n just above. At this stage let us make use of Eq. (6.13) and Eq. (6.15) and
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substitute them into Eq. (6.16). Moreover, take into account that dV = dXdYdZ, for X and
Y use polar coordinates, i.e. X2 + Y2 = s2, dXdY = sdsdφ = πd(s2). Introduce convenient
notation S = s2. Then, Eq. (6.16) takes form,

Us(z) = 4εgsπn
∞∫

0

dZ
∞∫

0

dS

{
σ12

gs

[(z + Z)2 + S]6
−

σ6
gs

[(z + Z)2 + S]3

}
(6.17)

Next, simple integration over S variable can be performed to yield,

Us(z) = 2πnεgs

∞∫
0

dZ

{
2σ12

gs

5(z + Z)10 −
σ6

gs

(z + Z)4

}
. (6.18)

Final integration leads to the important result,

Us(z) =
2
3

πnεgsσ
3
gs

{
2

15

(σgs

z

)9
−
(σgs

z

)3
}

. (6.19)

It is the interaction potential of a single gas atom with the entire solid as a function of z. In
other words, the solid exerts the external field acting on the gas atom that depends on the
distance of the gas atom from the solid along normal to the surface plane. The parameters
entering this equation have transparent physical meaning. A realistic approximation
for Us(z) in the case of graphite solid is the frequently used 10-4-3 gas-solid interaction
potential [14, 15]. It is given as,

Us(z) = 2πnσ3
gsεgs

{
2
5

(σgs

z

)10
−
(σgs

z

)4
−

σ4
gs

3∆(z + 0.61∆)3

}
, (6.20)

where ∆ represents the spacing between carbon layers, cf. Fig. (6.3).
In order to obtain the cross-diameter and cross interaction energy parameter one needs

to apply the Lorentz-Berthelot (LB) combination rules, for example. They refer to the
equations that determines the cross-diameter and cross energy of interaction of particles
belonging to different species,

σgs =
1
2
(σgg + σss), (6.21)

where σss and σgg are the diameters of the solid-solid and gas-gas interaction, respectively.
On the other hand, the cross energy with LB rules, is determined by the geometric mean,

εgs =
√

εggεss, (6.22)

where εss and εgg are the energy parameters of the solid-solid and gas-gas interaction,
respectively. Other types of rules also have been proposed previously and used in com-
puter simulations of liquid mixtures as well [16]. Fig. 6.4 illustrates the gas-solid energy of
interaction on the distance from the solid surface. The strength of fluid-solid attraction
is the crucial parameter in adsorption studies. It determines if a monolayer or a film of
several fluid layers is formed upon adsorption on a solid [17].
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Fig. 6.4: The 10-4-3 gas-solid energy potential.

Exercise 6.3 In Fig. (6.4), we show the gas-solid energy interaction, Us(z), for a gas in
contact with graphite. The parameters for a graphite surface [14, 15] are the following:

− Solid density, ρs =114 nm−3.
− Carbon layer spacing between two-parallel layers of graphite, ∆ = 0.335 nm.
− Solid-solid parameters for a graphite surface: σss =0.340 nm, and ϵss/kB =28 K.
− The fluid-fluid parameters for water are: σgg =0.30342 nm, and ϵgg/kB =250 K.
Using these parameters write the computer program and reproduce the graph

presented in Fig. (6.4).
■



7. Quantum mechanics

7.1 Degeneracy temperature
Preliminary comments of this chapter concern with the following question. Previous
developments have been concerned with systems consisting of particles that obey the laws
of motion of classical mechanics. Classical approximation is valid as a limiting case of a
more precise and more universal quantum theory. So, under which conditions a system
can be described by classical mechanics?

We begin with a common equation related to the uncertainty principle in quantum
mechanics, ∆q∆p ∝ h. Here ∆q and ∆p denote uncertainty of the coordinate and of
momenta. Higher precision in the evaluation of one variable leads to a lower precision in
describing another variable. Let us refer to a particle i of a system of many particles with
density n = N/V. Assume that its coordinate is qi and its momentum is pi. In classical
mechanics there is no law prohibiting simultaneous measurement of the coordinate of
a particle (body) and its velocity (or momentum). The characteristic length of the fluid
system in question is the average distance between particles < r >. Thus, to have classical
mechanics valid (or to have negligible effect from uncertainties), one can formulate the
following conditions,

∆qi << < r >, ∆pi << pi. (7.1)

The momentum of a particle can take values between 0 and ∞. However, if the average
momentum is not too small, i.e. the system is not too cold, then there are not many
particles with small momenta, thus we can modify the second condition by the following
relation,

∆pi << < p > . (7.2)

In consequence, these two conditions, if applied, lead to the relation,

∆q∆p << < r >< p > . (7.3)

The minimal value for the l.h.s. is the Planck constant h according to the Heisenberg
uncertainty principle. It is a fundamental principle of quantum mechanics that establishes
a limit of precision for simultaneous determination of coordinate and momentum of a
particle. It should be valid for the average values of a coordinate and momentum,

h << < r >< p > . (7.4)



50 Chapter 7. Quantum mechanics

In quantum mechanics the wave properties of a particle are described by the de Broglie
length, λ = h/p. One can introduce the average de Broglie length corresponding to the
average value of a momentum, via < λ >= h/ < p > and rewrite Eq. (7.4) in the form,

⟨r⟩
⟨λ⟩ >> 1. (7.5)

This equation in fact provides the condition for the system to be classical or behave
according to classical mechanics rules. However, to make this condition less obscure in
physical terms, it is necessary to elucidate the role of temperature in it. Thus in spite of
using λ = h/p, with the average value for momenta, we just take the thermal de Broglie
wavelength as < λ >, in accordance to,

< λ >=
h√

2πmkBT
. (7.6)

Recall that V/N = 4π < r >3 /3 and then < r > is of the order of n−1/3. Then, Eq. (7.5)
takes the form,

2πmkBT
h2n−2/3 >> 1. (7.7)

We can define the parameter, Tdeg, called as degeneracy temperature,

Tdeg =
h2

2πmkB
n2/3. (7.8)

Then, the condition for the system to behave as classic is,

T/Tdeg >> 1. (7.9)

The classical approximation is better if the temperature of the system is high, or the system
is less dense, or the particles are heavier. Otherwise, one should resort to quantum theory.
We will see below, that classical approximation is adequate when kBT is much bigger than
the energy determining distance between energy levels of a quantum system.

7.2 Elements of quantum mechanics
Concept of wave function. The properties of atomic objects in quantum mechanics are
described by using an auxiliary function that is called as wave function (or state vector).
The wave function describes the state of motion of a single particle. In general it is
complex (not real), unique valued and continuous function of a coordinate, r and time t.
The wave function, ψ(r, t) satisfies certain differential equation that determines motion of a
particle. It is called as Schrödinger equation and plays similar role in quantum mechanics
as Newton equations of motion in classical mechanics. For example, the free motion
of an electron with the determined momentum, p, is described by the wave function
(corresponding to a plane de Broglie wave),

ψ(r, t) = Aexp[i(kr − ωt)], (7.10)

where, k = p/h̄ is the wave vector and ω = p2/2mh̄ is the circular frequency.
The wave function depends on the coordinates and time. The number of coordinates

equals to the number of degrees of freedom of the system. Denote a set of all independent
coordinates at certain moment of time by the letter ξ. Defining ξ yields a point in an
abstract space called as configuration space. The volume element in the configuration
space is dξ. For a system with one particle only, the configuration space coincides with
Cartesian 3D space. In quantum mechanics the wave function is required to calculate
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values of physical magnitudes in the state of motion determined by it. Restrict our
attention to a single moment of time and omit time variable for the moment.

Specifically, it is assumed in quantum mechanics that,

ψ∗(ξ)ψ(ξ)dξ = |ψ(ξ)|2dξ, (7.11)

is proportional to the probability, W(ξ), that upon measuring the coordinates we will
find them in the interval, ξ, ξ + dξ. In many problems, the wave functions are or can be
normalized,∫

|ψ(ξ)|2dξ = 1. (7.12)

The integration should be performed over all possible coordinate values. Then,

ρ(ξ) = |ψ(ξ)|2 = dW(ξ)

dξ
, (7.13)

is the probability density function of coordinates.
One example of the wave function that requires normalization is the one describing

free motion of a particle, ψ(r, t) = Aexp(ikr) with the momentum p = h̄k. In order to
perform normalization, we will define the wave function inside a big cubic volume (with
the volume V = L3) and apply boundary conditions at the borders of a volume. If the
volume is quite big, the influence of boundary conditions on the motion of a particle will
be negligible,

ψ(x,y,z) = ψ(x + L,y,z) = ψ(x,y + L,z) = ψ(x,y,z + L). (7.14)

The boundary conditions will be satisfied, if the normalized wave functions are,

ψk(r) =
1

L3/2 exp(ikr), ) (7.15)

where

kx =
2π

L
nx, kx =

2π

L
nx, kx =

2π

L
nx, (7.16)

with nx,ny,nz are all positive and negative integers.
The introduction of boundary conditions leads to the discretization of the possible

values of k. In the limit L → ∞ the distance between neighboring values of wave vector
tends to zero and one recovers free motion of a particle in and infinite space.

The functions determined by Eq. (7.15) for all possible values of the wave vector form
a set that satisfies the following conditions,∫

Ω

d3rψ∗
k′ (r)ψk(r) = δk′k, (7.17)

where the Kronecker symbol in the r.h.s. is δk′k = δk′xkx
δk′yky

δk′zkz
, Ω = L3.

Moreover, these wave functions form a complete set such that any wave function,
ψ, corresponding to an arbitrary state of motion of a particle in the volume Ω can be
represented as a linear combination in terms of the basis functions, ψk(r),

ψ(r) = ∑
k

akψk(r). (7.18)

The coefficients of the expansion, ak, can be evaluated and interpreted straightforwardly.
Namely,∫

Ω

ψ(r)ψ∗
k′ (r)d3r = ∑

k
ak

∫
Ω

d3rψk(r)ψ∗
k′ (r) = ∑

k
akδk′k = ak′ . (7.19)
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So, the result is,

ak =
∫
Ω

ψ(r)ψ∗
k(r)d

3r. (7.20)

If we assume that the functions ψ(r) are normalized in the volume Ω, then the normaliza-
tion condition leads to,∫

Ω

ψ∗(r)ψ(r)d3r = 1 = ∑
k

∑
k′

aka∗k′

∫
Ω

d3rψ∗
k′ (r)ψk(r) = ∑

k
∑
k′

aka∗k′ δk′k = ∑
k
|ak|2. (7.21)

Concerning the interpretation of the coefficients ak, we would like to note that according
to Eq. (7.18), they express the contribution of the state with the momentum p = h̄k to
the state determined by the wave function ψ(r). The square of the absolute value, |ak|2,
describes the probability to find the value of momentum p for the system in the state
described by ψ(r). The last equation we derived, Eq. (7.21), in fact shows that the sum of
probabilities of all possible values of momentum should equal to unity. We have discussed
above that the wave function permits statistical interpretation. Therefore, it is necessary to
explain how it (this concept) enters the calculations of any kind of average values (note
that the notion of the operators of physical magnitudes has not been introduced so far).

7.3 Average values of a coordinate and momentum
According to our developments above, the probability density of a certain value of the
vector r can be expressed through the normalized state function ψ(r) as,

ρ = ψ∗(r)ψ(r). (7.22)

Apply then the theorem for mathematical expectation to write down the average (or mean)
value < r > of the continuous random variable r as,

< r >=
∫

ψ∗(r)rψ(r)d3r. (7.23)

The average refers to the state provided by ψ(r). Similarly, the average of arbitrary
function of the coordinate vector follows from,

< f (r) >=
∫

ψ∗(r) f (r)ψ(r)d3r. (7.24)

Evaluation of the mean value of momentum, < p >= h̄ < k >, in a given state is slightly
more cumbersome. Recall the meaning of the coefficients ak and the interpretation of |ak|2.
Thus, according to the general rule,

< p >= h̄∑
k

a∗kkak. (7.25)

We have the coefficients ak defined by Eq. (7.20). Also, it is worth noting that,

kψk(r) = −i∇ψk(r), (7.26)

as it follows from Eq. (7.15). Then, let us perform some mathematical transformations
starting from Eq. (7.25). Namely, use expressions for a∗k and for ak and Eq. (7.26) to get,

< p >= ih̄∑
k

∫
d3r

′
ψ∗(r

′
)ψk(r

′
)
∫

d3rψ(r)∇ψ∗
k(r). (7.27)

Recall, that the functions ψ and ψk have been normalized using cyclic boundary conditions,
their respective values on the opposite boundaries of the cubic volume are equal. Therefore,
if we perform integration by parts, it follows that,∫

d3rψ(r)∇ψ∗
k(r) = −

∫
d3rψ∗

k(r)∇ψ(r). (7.28)
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Thus,

< p >= −ih̄
∫

d3r
′
∫

d3rψ∗(r
′
)

[
∑
k

ψk(r
′
)ψ∗

k(r)

]
∇ψ(r). (7.29)

The expression in the square brackets is just the delta-function of Dirac, i.e. ∑k ψk(r
′
)ψ∗

k(r) =
δ(r

′ − r). Consequently, the final form of our result for the mean value of momentum, in
terms of the wave function determining the given state, is,

< p >=
∫

d3rψ∗(r)(−ih̄∇)ψ(r). (7.30)

This expression is valid for the general case of infinite space (L → ∞) as well. By similar
way of derivation it can be shown that for any rational function of momentum, the rule
for calculation of the mean value is,

< F(p) >=
∫

d3rψ∗(r)F(−ih̄∇)ψ(r). (7.31)

For example, the average kinetic energy of a particle in the state ψ(r), is determined by
the equation,

<
p2

2m
>=

∫
d3rψ∗(r)(− h̄2∇2

2m
)ψ(r). (7.32)

7.4 Operators for physical observables
Upon generalization of the results obtained above to get mean value for the coordinate
and momentum in arbitrary state described by the normalized wave function, we state
now that,

< F >=
∫

d3rψ∗(r)F̂ψ(r), (7.33)

where

F̂ = F1(r) + F2(−ih̄∇). (7.34)

The operator F̂ corresponds to a function F = F1(r) + F2(p). Generally, F̂ is a differential
operator. So, we wish to say that F̂ corresponds to certain physical property or characteris-
tics.

An operator is defined on a set of functions, if the law by which each function of a
set is put in correspondence to another function from the same set. For example, the
Laplace operator (denoted as ∇2 or ∆) is a differential operator defined on the set of all
twice differentiable functions. If an operator contains integration it is called as integral
operator. A particular case of integral operator is given by a functional. It is an operator
that while acting on any function from its defining set yields a constant. One example of
the functional is the scalar product,

⟨ψ|ϕ⟩ =
∫

ψ∗(ξ)ϕ(ξ)dξ. (7.35)

Our desire now is to find a method of constructing the operators for physical magni-
tudes. Prior solving this problem it is worth to explore briefly what kind of conditions
the operators of our interest should satisfy. First note that the action of an operator on the
wave function to the right of it in Eq. (7.33) leads to the transformation of this function
into a new one,

F̂ψ = ψ
′
. (7.36)
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Such transformation should satisfy one of basic principles of quantum mechanics, namely
the one called as superposition of states. Accordingly, it is required that the operators act
as follows,

F̂(aψ) = aF̂ψ,

F̂(ψ1 + ψ2) = F̂ψ1 + F̂ψ2. (7.37)

The operators satisfying such rules are called linear operators.

If the function F describes physical property, then its average value is real. This
condition in accordance with Eq. (7.33) means that < F >=< F >∗ and the result can be
expressed in terms of the integral equality,

∫
d3rψ∗(r)F̂ψ(r) =

∫
d3rψ(r)F̂∗ψ∗(r). (7.38)

This result is a particular case of a more general representation,

∫
d3rψ∗(r)F̂ϕ(r) =

∫
d3rϕ(r)F̂∗ψ∗(r), (7.39)

satisfied by the so-called self-adjoint or Hermitian operators. The abbreviated notation
commonly used is, F̂ = F̂†.

Comment in the bra and ket notation of quantum mechanics for the above: An operator
is called Hermitian when it can always be flipped over to the other side, if it appears
in a inner product, thus < ϕ|Aψ >=< Aϕ|ψ > always, if A is Hermitian operator. The
properties of inner products involving Hermitian operators are: < ϕ|Aψ >=< ψ|Aϕ >∗;
< ψ|Aψ > is real.

It is worth noting basic elements of the algebra of operators. The sum and difference
of operators act as common (Â + b̂)ψ = Âψ + b̂ψ, (Â − b̂)ψ = Âψ − b̂ψ. The identity
operator does nothing, 1̂ψ = ψ.

However, the product of operators ÂB̂ acts as consecutive action of each operator and
depends on the order of application, in general ÂB̂ is not equal to B̂Â. Therefore, it is
convenient to define a commutator,

[Â, B̂] = ÂB̂ − B̂Â. (7.40)

If Â and B̂ happen to commute, then [Â, B̂]ψ = 0 for arbitrary function ψ, briefly this
is expressed as [Â, B̂] = 0. Finally, to be comprehensive, mention the exponential of an
operator exp{Â},

exp{Â} = 1̂ + Â +
1
2!

Â2 +
1
3!

Â3 + ... (7.41)

that is given as power series.

The notation for simplest operators in quantum mechanics are collected in the table
below.
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Table 7.1: Examples of the operators of physical observables acting on the wave functions
dependent of the coordinates of a particle.

Coordinate Operators

Coordinate: p; px, py, pz.
p̂ = −ih̄∇; p̂x = −ih̄ ∂

∂x
p̂y = −ih̄ ∂

∂y p̂z = −ih̄ ∂
∂z .

Kinetic energy:

K = p2

2m = p2
x

2m +
p2

y
2m + p2

z
2m .

K̂ = p̂2

2m = − h̄2∇2

2m = − h̄2

2m ∆

= − h̄2

2m

[(
∂2

∂x2

)
+
(

∂2

∂y2

)
+
(

∂2

∂z2

)]
.

Potential energy:
U(r, t) = U(x,y,z, t).

Operator of momenta
U(r, t) = U(x,y,z, t).

Moment: L = [r p] =

∣∣∣∣∣∣
i j k
x y z
px py pz

∣∣∣∣∣∣
Lx = ypz − zpy,
Ly = zpx − xpz,
Lz = xpy − ypx.

L̂ = [r p̂] = −ih̄

∣∣∣∣∣∣
i j k
x y z
∂

∂x
∂

∂y
∂
∂z

∣∣∣∣∣∣
L̂x = −ih̄

(
y ∂

∂z − z ∂
∂y

)
,

L̂y = −ih̄
(

z ∂
∂x − x ∂

∂z

)
,

L̂z = −ih̄
(

x ∂
∂y − y ∂

∂x

)
.

7.5 Eigenfunctions and eigenvalues of the operators

As we have seen above Eq. (7.33) permits to obtain the average value of arbitrary property
F in the state described by the wave function ψ(r), if we know the operator F̂ correspond-
ing to this property. This rule,

< F >=
∫

d3rψ∗(r)F̂ψ(r), (7.42)

can be applied not only for the average value, but to the mean square deviation of the
property (in the state given by ψ(r)) as well. The deviation of the property from its average
is, ∆F = F− < F >. Then, the hermitian operator for the deviation is (∆̂F) = F̂− < F >.
The mean square deviation, < (∆F)2 >, follows from the equation,

< (∆F)2 >=
∫

d3rψ∗(r)(∆̂F)(∆̂F)ψ(r) =
∫

d3r|(∆̂F)ψ(r)|2, (7.43)

because (∆̂F) is hermitian. There should be some, unknown states in which the mean
square deviation equals zero, i.e.∫

d3r|(∆̂F)ψ(r)|2 = 0, (7.44)

In other words, in such states the property F takes definite value. This is possible if,

(∆̂F)ψ(r) = 0, (7.45)

or equivalently,

(F̂ − F)ψ(r) = 0, (7.46)
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where we have put < F >= F because the property in question takes definite value. The
last equation is homogeneous, linear equation for the unknown function ψ(r). We are
interested in the solutions of this equation corresponding to non-zero, continuous, unique
valued (uni-valued) functions ψ(r) that would describe real states of physical systems.

In general, Eq. (7.46) has solutions only for certain values of the property F, these
values can be interpreted as the parameters of Eq. (7.46) . Moreover, these parameters can
form a discrete set, F1, F2, ... or be continuous in the certain interval. These specific values
are called as eigenvalues of the operator F̂ (a set of eigenvalues determines spectrum),
whereas the corresponding solutions of Eq. (7.46) are called as eigenfunctions of the
operator F̂. If the spectrum is discrete, we can use notation, F1, F2, .., Fn, .. and ψFn , and the
integer numbers n are called as quantum numbers.

A very important property of the eigenvalues of hermitian operators is that they always
take real values. The eigenvalues coincide with the average values of the corresponding
physical observables in the states that are described by eigenfunctions of these operators.
Because, the average values are real, the eigenvalues are real as well. In order to prove
that eigenvalues of hermitian operators are real take Eq. (7.46) and multiply it by ψ∗, i.e.
by complex conjugate of ψ,

ψ∗ F̂ψ − ψ∗Fψ = 0, (7.47)

and rest the complex conjugate of this equation,

ψF̂∗ψ∗ − ψF∗ψ∗ = 0. (7.48)

From integration of the result we find,

(F − F∗)
∫

ψ∗ψd3r =
∫

ψ∗ F̂ψd3r −
∫

ψF̂∗ψ∗d3r. (7.49)

However, the operator F̂ is hermitian, see e.g. Eq. (7.39) , and therefore the eigenvalues
are real, F = F∗.

7.6 On the properties of eigenfunctions of operators with discrete spectrum
Let the operator F̂ has a discrete spectrum of the eigenvalues, Fn. Then the eigenfunctions
of this operator satisfy the equation,

F̂ψn = Fnψn. (7.50)

Write down the complex conjugate of this equation for the quantum number m,

F̂∗ψ∗
m = Fmψ∗

m. (7.51)

Next, multiply from the left the first and the second equation by ψ∗
m and by ψn, respectively.

Hence,nequation∫
dξ(ψ∗

m F̂ψn − ψn F̂∗ψ∗
m) = Fn

∫
dξψ∗

mψn − Fm

∫
dξψnψ∗

m = (Fn − Fm)
∫

dξψ∗
mψn. (7.52)

However, the operator F̂ is hermitian and therefore,

(Fn − Fm)
∫

dξψ∗
mψn = 0. (7.53)

If m ̸= n, we observe that the eigenfunction corresponding to different eigenvalues are
orthogonal,∫

dξψ∗
mψn = 0. (7.54)
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The physical meaning of the orthogonality of the eigenfunctions is that if we would
measures an observable F, we will get Fn as the result in the state ψn and Fm in the state
ψm. Let assume that normalization of eigenfunctions has been performed, then∫

dξψ∗
mψn = δmn. (7.55)

Another important property of the eigenfunctions for the operators with discrete spectrum,
is that the set of eigenfunctions forms a complete set, i.e. any wave function (with the
same boundary conditions) can be expanded using a complete set,

ψ(ξ) = ∑
n

anψn(ξ). (7.56)

The summation should be performed over all values of the quantum number n. Then the
coefficients of the expansion are straightforwardly obtained from,

an =
∫

dξψ(ξ)ψ∗
n(ξ). (7.57)

With all this knowledge, it is easy to express the mean value for the physical observable,
< F >=

∫
dξϕ∗Fψ in terms of the coefficients of the expansion above and the eigenvalues

of the operator,

< F >= ∑
n

Fn|an|2. (7.58)

Also, the normalization condition yields,∫
dξψ∗(ξ)ψ(ξ) = 1 = ∑

n
|an|2. (7.59)

In physical terms, the square of the absolute value of the coefficient an determines the
probability that after measuring the observable F in the state determined by ψ we will
obtain the value Fn.

7.7 Schrödinger equation
One of principal equations of quantum mechanics is the Schrödinger equation that deter-
mines evolution of states of quantum systems with time. It has the form,

ih̄
∂ψ

∂t
= Hψ, (7.60)

where H is the Hamiltonian operator (it coincides with the operator of energy under
absence of time dependence in it). Restricting to non-relativistic case, the operator Ĥ is
the sum of the operators of kinetic and potential energy of a particle,

H = − h̄2

2m
∇2 + Û(r). (7.61)

Our interest is in stationary states, thus assume that the Hamiltonian does no depend
on time explicitly, ∂H/∂t = 0. The solution of Schrödinger equation will be seeked for in
the form,

ψ(ξ, t) = ψ(ξ)A(t). (7.62)

Then, Eq. (7.60) is,

ih̄ ∂A(t)
∂t

A(t)
=

Hψ(ξ)

ψ(ξ)
= E, (7.63)
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where E is constant. This result implies two equations,

HψE(ξ) = EψE(ξ) (7.64)

and

ih̄
∂A(t)

∂t
= EA(t). (7.65)

The Eq. (7.64) is the equation determining eigenvalues of the Hamiltonian operator, which
is the energy operator under condition ∂H/∂t = 0. The wave functions ψE(ξ) correspond
to states of the system in which the energy has definite values. The solution of Eq. (7.65) is
given explicitly,

A(t) = exp(−iEt/h̄). (7.66)

The states having definite energy are called as stationary states in quantum mechanics.
The wave function describing stationary states then is,

ψ(ξ, t) = ψ(ξ)exp(−iEt/h̄) (7.67)

The stationary states possess certain properties. For purposes of our text we just note
that in such states, the average value of any physical magnitude (if its operator does not
depend on time explicitly) is constant,

< F >=
∫

dξψ∗(ξ, t)Fψ(ξ, t) = const. (7.68)

Besides, the probability to find certain value of arbitrary physical magnitude in a stationary
state does not depend on time.



8. Simplest problems of quantum mechanics

8.1 Particle in a one-dimensional potential square well
Consider a single particle free to move inside a one-dimensional box of the size Lx with
impermeable walls, i.e. U(0) = U(L) = ∞; U(x) = 0, 0 < x < Lx. Here, U(x) is the external
field that determines the potential energy of the system.

The Schrödinger equation for stationary states is,

− h̄2

2m
d2

dx2 ψ(x) = Eψ(x). (8.1)

The boundary conditions are,

ψ(x = 0) = ψ(Lx) = 0. (8.2)

General solution of the equation is,

ψ(x) = Csin(kx + δ), (8.3)

and

E =
h̄2

2m
k2. (8.4)

The unknown constants of the solutions, C,k, and δ are obtained from the boundary
conditions and normalization condition,

Lx∫
0

|ψ(x)2dx = 1. (8.5)

From the boundary conditions, we have δ = 0 and kLx = πn. Thus, we have

ψ(x) = Csin(kx), k = πn/Lx, n = 1,2,3, ... (8.6)

The state with n = 0 is absent as it is equivalent to zero. From the normalization condition
we obtain,

|C|2
Lx∫

0

sin2kxdx =
1
2
|C|2

Lx∫
0

(1 − cos2kx)dx =
Lx

2
|C|2 = 1. (8.7)



60 Chapter 8. Simplest problems of quantum mechanics

Then, C = (2/Lx)1/2. So, the final result is,

ψ(x) =
√

2
Lx

sin(
π

Lx
nx), En =

h̄2

2m
(

π

Lx
)2n2. (8.8)

This exercise is a good illustration of the conclusions concerning the properties of eigen-
functions and eigenvalues of hermitian operators. The wave function of the ground state,
ψ1(x) does not have nodes in the interval 0 < x < Lx, it is real and positive. The next
function, ψ2(x) describing the first excited state has one node at x = Lx/2, see the Fig. 8.1.
This behavior is as expected to provide orthogonality,

Lx∫
0

ψ1(x)ψ2(x)dx = 0. (8.9)

0
x

ψ
1

ψ
2

L
xsingle node

ground state

Fig. 8.1: Wave functions of the ground state, ψ1(x), and of the first excited state, ψ2(x) of a
particle in one-dimensional box.

A set of eigenfunctions ψn(x) forms a complete set of orthogonal and normalized
functions,

Lx∫
0

ψn(x)ψn′ (x)dx = δn,n′ . (8.10)

This completeness permits to obtain some interesting relations.

■ Example 8.1 Imagine that we have a wave function of the form, ψ(x) = 1/
√

Lx defined
in the interval, 0 < x < Lx, and with boundary conditions, ψ(0) = ψ(Lx) = 0. Evidently,
the function is normalized. Expand this function into series of eigenfunctions for a particle
in the box,

ψ(x) = ∑
n

Cnψn(x), (8.11)

where,

Cn =

Lx∫
0

ψn(x)ψ(x)dx =

√
2

Lx

Lx∫
0

sin
(

π

Lx
nx
)

dx =

√
2

πn
[1 − (−1)n] , (8.12)

or explicitly,

Cn =
2
√

2
πn

, n = 1,3,5, ...; Cn = 0, n = 2,4,6, ... (8.13)
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Now, substitute the result into Eq. (8.11) and next take Lx = 2,

1√
Lx

=
2
√

2
π ∑

n=1,3,5,..

√
2√
Lx

1
n

sin
(

π

Lx
nx
)

. (8.14)

Thus,

π

4
= ∑

n=1,3,5,..

1
n

sin
(π

2
nx
)

. (8.15)

! Not only that, but it is also surprising that a “square wave”, which is horizontal for
the uncountable number of x values in an entire interval, can be produced by adding only
a countable number of sine functions, each of which is curved.

In addition, from the condition,

∞

∑
n=1

|Cn|2 = 1. (8.16)

it follows, that,

π2

8
= ∑

n=1,3,5,..

1
n2 , (8.17)

from where it is easy to obtain,

π2

6
=

∞

∑
n=1

1
n2 . (8.18)

■

Exercise 8.1 Obtain this result by manipulation of the indices in the corresponding
sums. ■

The solution of Schrödinger equation for a particle freely moving in a rectangular box
with dimensions Lx, Ly and Lz (V = LxLyLz) can be obtained applying similar development
as in above. The energy levels then are,

En =
h̄2π2

2m

(
n2

x
L2

x
+

n2
y

L2
y
+

n2
z

L2
z

)
, (8.19)

where nx,ny,nz take integer values from 1 to ∞. The energy levels of a particle are
determined by the triplets if indices nx,ny,nz. In the particular case of a cubic box, the
spacing between levels n + 1 and n is of the order,

∆En+1,n =
h̄2π2

2m
2n + 1
V2/3 . (8.20)

This estimate, as obtained in the book of Davis (nitrogen molecule at 300K in the volume
1cm3), leads to the value ≈ 10−31erg, while kBT ∝ 10−14erg. Thus the energy spacing for a
free molecule in a macroscopic box is very small.

Our last comment in this section concerns statement of the problem for a system of N
non-interacting particles in a box, say of quantum, ideal gas. The stationary Schrödinger
equation for this case has the form,

N

∑
i=1

(
− h̄2

2mi

)
∇2

ri
ψ = Eψ, (8.21)
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complemented by appropriate boundary conditions. The wave function of the entire
system of particles is searched in the form,

ψn =
N

∏
i=1

ψni , (8.22)

where ψni refers to the wave function of a single particle. The energy levels of a system
are characterized then by a set of quantum numbers, nxi ,nyi ,nzi . The expression for the
eigenvalues of the operator can be obtained by generalizing the result given in Eq. (8.19),
see e.g. book of Davis for explicit expressions [2].

8.2 Rigid rotor

Another exercise necessary for further developments and having pedagogical insight is
the rigid rotator. A physical system in question is a point particle with mass m that is
moving about an origin at 0 of the laboratory frame. The distance between the center and
a particle is fixed at r0. The problem has spherical symmetry with one coordinate fixed,
however. The corresponding setup is shown in the Fig. 8.2.

k
^

i
^ j

^

r
θ

ϕ

x

y

z

Fig. 8.2: Coordinate system for rigid rotor. The mass point constrained to move on a sphere
of radius r0. The r vector is written as r = r0

[
sin(θ)cos(ϕ)î + sin(θ)sen(ϕ) ĵ + cos(θ)k̂

]
.

In order to solve the Schrödinger equation, first, we need to write down the Laplace
operator in spherical coordinates and apply the constraint for the distance between a
particle and the coordinate origin. It has the form,

∇2
r

∣∣∣∣r=r0 =
1
r2

0

[
1

sinθ

∂

∂θ

(
sinθ

∂

∂θ

)
+

1
sin2θ

∂2

∂ϕ2

]
. (8.23)

Then, the Schrödinger equation is,

− h̄2

2I

[
1

sinθ

∂

∂θ

(
sinθ

∂

∂θ

)
+

1
sin2θ

∂2

∂ϕ2

]
ψ(θ,ϕ) = Eψ(θ,ϕ), (8.24)

where I = mr2
0. Note that we have introduced the abbreviated notation, ψ(θ,ϕ), rather

than, ψ(r0,θ,ϕ). One just have in mind, that r0 is the parameter of the problem and it will
appear both in the eigenfunctions and in the eigenvalues.
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Let us seek for the solution assuming that the wave function should have the following
form, ψ(θ,ϕ) = AY(θ,ϕ) where A is certain constant and Y(θ,ϕ) is the function needed. It
is convenient to rewrite Eq. (8.24) as follows,[

sinθ
∂

∂θ

(
sinθ

∂

∂θ

)
+

2IE
h̄2 sin2θ

]
Y(θ,ϕ) = − ∂2

∂ϕ2 Y(θ,ϕ). (8.25)

Consequently, the desired function seems to have the form Y(θ,ϕ) = Θ(θ)Φ(ϕ). With this
assumption, Eq. (8.25) becomes transparent,

sinθ

Θ(θ)

∂

∂θ

(
sinθ

∂

∂θ

)
Θ(θ) + βsin2θ =

1
Φ(ϕ)

∂2

∂ϕ2 Φ(ϕ), (8.26)

where β = 2IE/h̄2. Since the variables θ and ϕ are independent, each side of the equation
above must be equal to a constant. Denote it as m2. First solve simpler equation,

∂2

∂ϕ2 Φ(ϕ) = −m2Φ(ϕ). (8.27)

The solutions are,

Φ(ϕ) = Am exp(imϕ), Φ(ϕ) = A−m exp(−imϕ). (8.28)

The solution should be periodic according to the boundary condition,

Φ(ϕ) = Φ(ϕ + 2π). (8.29)

This condition is satisfied if m = 0,±1,±2, .... Thus,

Φ(ϕ) = Am exp(imϕ), m = 0,±1,±2, .. (8.30)

and m is called the magnetic quantum number. Still, normalization should be applied,

2π∫
0

Φ(ϕ)Φ∗(ϕ)dϕ = 1. (8.31)

Then, the result is,

Φm(ϕ) =
1√
2π

exp(imϕ), m = 0,±1,±2, .. (8.32)

Now, let us solve a more complicated equation for θ,

sinθ

Θ(θ)

∂

∂θ

(
sinθ

∂

∂θ

)
Θ(θ) + βsin2θ = m2. (8.33)

Introduce notation: x = cosθ, P(x) = Θ(θ). Note, that -1 ≤ x ≤ 1. Then, Eq. (8.33) can be
transformed into,

(1 − x2)
d2

dx2 P(x)− 2x
d

dx
P(x) +

[
β − m2

(1 − x2)

]
P(x) = 0. (8.34)

Exercise 8.2 Derive Eq. (8.34) from Eq. (8.33) by applying a spherical coordinate system.
■
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It is the so-called Legendre differential equation for associated Legendre polynomials.
This equation has nonzero solutions that are non-singular on [-1,1] only if β = l(l + 1) and
l and m are integers with 0 ≤ m ≤ l, or with trivially equivalent negative values. Thus, the
eigenvalues are,

E =
h̄2

2I
l(l + 1), l = 0,1,2, ... (8.35)

Interestingly, the energy values do not depend on m, for each l there are 2l + 1 states with
equal energy corresponding to different m. Such states are called degenerate states.

Still, to have a comprehensive expression for the eigenfunctions, one need to apply the
normalization condition for the solution of Eq. (8.34). Specifically, if the the solutions of
Eq. (8.34) are,

P|m|
l (x) = P|m|

l (cosθ), Θ(θ) = AlmP|m|
l (cosθ), (8.36)

A2
lm

π∫
0

dθsinθ[P|m|
l (cosθ)]2 = 1. (8.37)

The wave functions determining the states of rigid rotor,

Ym
l (θ,ϕ) = Θ|m|

l (θ)Φm(ϕ), (8.38)

are called the spherical harmonics.

8.3 One-dimensional harmonic oscillator

In the classical mechanics, the harmonic oscillator is the system described by the Hamilto-
nian,

H =
p2

2m
+

mω2

2
x2. (8.39)

The solutions of the equations of motion are well known,

x = x0sin(ωt + δ), p = mωx0cos(ωt + δ), (8.40)

where ω is the frequency of oscillations, x0 is the amplitude and δ is the phase of oscilla-
tions. The energy, E, takes continuous values,

E =
mω2

2
x2

0. (8.41)

In quantum mechanics, the momentum and the coordinate should be substituted by the
operators. Then the Hamiltonian of the quantum oscillator is,

Ĥ =
p̂2

2m
+

mω2

2
x̂2. (8.42)

The task is to solve the Schrödinger equation, Ĥψ = Eψ. In other words it is necessary to
find the eigenfunctions and eigenvalues of the operator Ĥ. In the coordinate space, apply
the operators and the starting equation becomes,

− h̄2

2m
d2

dx2 ψ(x) +
mω2

2
x2ψ(x) = Eψ(x), (8.43)
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with −∞ < x < ∞. Let us introduce the dimensionless length ξ = x/l0, where l0 =
√

h̄/mω
is the characteristic length of the quantum oscillator called as the quantum amplitude.
Thus, in the dimensionless units, the Schrödinger equation is,

− d2

dξ2 ψ(ξ) + ξ2ψ(ξ) =
2E
h̄ω

ψ(ξ). (8.44)

The asymptotic behavior of the wave function at ξ →±∞ can be established by considering
the homogeneous counterpart of the differential equation written above,

− d2

dξ2 ψ(ξ) + ξ2ψ(ξ) = 0. (8.45)

The functional form of the solution in such limits is ψ(ξ) ∝ exp(±ξ2/2). However, using
physical considerations (a particle should remain in space not far from the equilibrium
distance) we discard the plus sign. Therefore, ψ(ξ) ∝ exp(−ξ2/2). So, the form of the
solution would be,

ψ(ξ) = CH(ξ)exp(−ξ2/2), (8.46)

where the unknown function H(ξ) at infinity should decay faster than exp(−ξ2/2). After
substitution of Eq. (8.46) into (8.45), we obtain,

H
′′
(ξ)− 2ξH

′
(ξ) +

(
2E
h̄ω

− 1
)

H(ξ) = 0. (8.47)

It seems that the solution should be a polynomial (with even values of k to match the
asymptotic behavior!), hence we assume that,

H(ξ) = ∑
k≥0

akξk. (8.48)

By substitution, we obtain the equation,

∑
k≥2

akk(k − 1)ξk−2 − 2 ∑
k≥0

akkξk +

(
2E
h̄ω

− 1
)

∑
k≥0

akξk = 0. (8.49)

Then, after simple manipulation,

∑
k≥0

[
ak+2(k + 2)(k + 1)− 2kak +

(
2E
h̄ω

− 1
)

ak

]
ξk = 0. (8.50)

The sum of the series equals to zero only, if each coefficient of the expansion vanishes.
Thus, we obtain a recursion formula for the unknown coefficients ak,

ak+2 = ak

[
2k + 1 − 2E/h̄ω

(k + 2)(k + 1)

]
. (8.51)

This means that we need to specify both a0 and a1 to find all of the coefficients. In the limit
of big k,

lim
k→∞

ak+2 ≈ 2ak/k. (8.52)

Thus, a2k ≈ 1/k! if k is even. In consequence the series

∑
k

ξ2k

k!
= exp

(
ξ2), (8.53)
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result in the function H(ξ) ∝ exp(+ξ2) growing faster than desirable, i.e. the wave
function will not satisfy the boundary conditions. The only way out of this conundrum is
that the series must be finite. Let us suppose that there exists certain value of n such that
an+2 = 0 whereas an ̸= 0. This fact implies,

2n + 1 − 2E
h̄ω

= 0. (8.54)

The resulting equation determines the energy levels E = En for the harmonic oscillator,

En = h̄ω(n + 1/2), n = 0,1,2, ... (8.55)

that are evenly spaced or say equidistant along energy axis (see the Fig. 8.3).
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Fig. 8.3: Energy levels of quantum oscillator.

Comment. Note that imposing condition to truncate the series, one terminates either
the odd series or the even series, because the recursion relation is spaced by two. One
needs to separately impose the specific condition ak = 0 for the other series (see Appendix
I of Ref. [18]). This is fine because it can be shown that if the potential is symmetric, then
the energy eigenfunctions can be taken to be either even or odd .

As a consequence of the developments above we have the following summarizing
results,

ak+2 = ak
2(k − n)

(k + 2)(k + 1)
, (8.56)

and the function,

H(ξ) = Hn(ξ) =
n

∑
k=0

akξk, (8.57)

that describes the Hermite polynomials under condition that the coefficient at a highest
degree is chosen as an = 2n. The explicit expressions for the Hermite polynomials follow
from the definition,

Hn(ξ) = eξ2
(
− d

dξ

)n

e−ξ2
= eξ2/2

(
ξ − d

dξ

)n

e−ξ2/2. (8.58)

Returning to Eq. (8.46), we are able to write down the eigenfunctions of the oscillator as

ψn(ξ) = CnHn(ξ)exp(−ξ2/2), (8.59)
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the normalization constants follow from,

∞∫
−∞

ϕ2
n(x)dx = 1, (8.60)

and equal to,

Cn =
(mω

πh̄

)1/4 1√
2nn!

. (8.61)

The energy states are non-degenerate, one wave function corresponds to each value of
energy. The ground state energy with n = 0 is the lowest energy,

E0 =
1
2

h̄ω, (8.62)

with non-zero energy. It is a consequence of the uncertainty principle of Heisenberg. The
equations < x2 >= 0 and < p2 >= 0 cannot be satisfied simultaneously.

The wave function of the ground state,

ψ0(ξ) =
(mω

πh̄

)1/4
e−ξ2/2, (8.63)

does not have nodes. However, the wave function of the first excited state (E1 =
3
2 h̄ω),

ψ0(ξ) =
(mω

πh̄

)1/4
e−ξ2/2

√
2ξ, (8.64)

has one node. See, the Fig. 8.4 for the sake of illustration.
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Fig. 8.4: Wave functions of the ground state and of the first excited state.





9. Diatomic molecule in a box

9.1 Classical versus quantum description

Let us consider a model for a diatomic molecule consisting of atoms, or more specifically
of two mass points, m1 and m2 that are held together by the potential acting between u(r).
It is assumed that the vector r has origin at the coordinate of particle 1 and is pointed
to particle 2, see the Fig. 9.1 for illustration. Consider a molecule in laboratory frame
and point the vector R from the origin of the frame to the center of mass (COM) of the
molecule.

x

y

z

m
1

m
2

r
2

R

r
1

0

r

Fig. 9.1: Laboratory coordinate frame for a diatomic molecule.

The classical Hamiltonian of the model can be written as,

Hcl =
1
2

2

∑
i=1

miv2
i + u(r). (9.1)

The model can be described by using the coordinates, R, r and angles θ and φ that
determine orientation of the vector r in the COM frame (see the Fig. 9.1 for illustrative
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purposes). The center of mass coordinate is defined as,

R =
1
M

(m1r1 + m2r2), (9.2)

where M is the mass of the molecule, M = m1 + m2. For the sake of convenience, let us
introduce the reduced mass of a molecule as well, mred = m1m2/(m1 + m2). In similar
fashion as above, define the vector for the COM velocity,

vCOM =
1
M

(m1v1 + m2v2). (9.3)

The spherical polar coordinates of the COM frame can be used to describe vector of
the diatomic molecule,

r = r2 − r1 = r(sinθcosφi + sinθsinφj + cosθk). (9.4)

Then, from Eq. 9.4 the time evolution of the vector r (or in other words the relative velocity)
is,

vr =
dr
dt

= v2 − v1 = ṙr̂ + rωωω, (9.5)

where in Eq. 9.5, r̂ is unit vector along r and ωωω is the angular velocity, ωωω = iωx + jωy +kωz,
with the components

ωx = θ̇cosθ cos φ − ϕ̇sinθsinφ,

ωy = θ̇cosθ sin φ + ϕ̇sinθcosφ,

ωz = −θ̇sinθ.

(9.6)

With notation of Eq. 9.3 and 9.5, the kinetic energy expression in the initial Hamiltonian
(see Eq. 9.1) can be written as follows,

1
2

2

∑
i=1

miv2
i =

1
2

Mv2
COM +

1
2

mredv2
r . (9.7)

Note that, v2
r = ṙ2 + r2ω2 from Eq. 9.5, because the unit vectors r and ωωω are orthogonal.

Then, the classical Hamiltonian from Eq. (9.1) is given by,

Hcl =
1
2

Mv2
COM +

1
2

Iω2 +
1
2

mredṙ2 + u(r), (9.8)

where I = mredr2. Each of these terms has straightforward physical meaning. Namely,
the first one describes translational motion of a diatomic molecule, the second describes
rotation of the molecule. Finally, the third term can be identified with the vibration of the
bond length.

Prior to the application of quantum mechanics, let us make some simplifications. The
first observation concerns the strength of the bond between atoms forming the diatomic
molecules. We assume that the amplitude of vibrations of atoms is small, in other words
the well of the potential keeping atoms together is quite deep and narrow. Thus, the
expansion of the potential in Taylor series,

u(r) = u0 +
1
2

(
∂2u
∂r2

)∣∣∣∣
r0

(r − r0)
2 + · · · , (9.9)

is truncated after the second term, u0 = u(r = r0). Introduce notation, x = r − r0 and
λ =

(
∂2u
∂r2

)∣∣∣
r0

. Then, their vibrational classical Hamiltonian is,

Hvib
cl =

1
2

mred ẋ2 +
1
2

λx2 + u0. (9.10)
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Fig. 9.2: The interaction potential holding atoms together in the molecule.

It is of the same form as we have explored in the previous chapter considering one-
dimensional harmonic oscillator (with frequency ω =

√
λ/m). One more approximation

concerns the angular momentum I. For simplicity it is assumed that rotation of the
molecule does not depend on the bond length. It is quite reasonable approximation,
at least at high temperatures where classical mechanics is valid. Therefore, we assume
that I = mredr2 ≈ mredr2

0 = I0. With these approximations three terms of the classical
Hamiltonian, Htr

cl , Hrot
cl and Hvib

cl are completely independent of one another.
Now, we turn our attention to the quantum mechanical description of the problem as

more general and more precise. If the velocities in Eq. (9.1) are substituted by momenta,
apply necessary expressions for the operators and write down the starting form of the
Schrödinger equation as,

−
2

∑
i=1

h̄2

2mi
∇2

ri
ψ + u(|r1 − r2|)ψ = Eψ. (9.11)

However, it can be written in the form that takes into account symmetry of the problem
by using the COM frame, i.e. in R, r, θ and φ and the corresponding form of the operators,

(Htr + Hrot + Hvib)ψ = Eψ, (9.12)

where for translational motion,

Htrψ = − h̄2

2M
∇2

Rψ = Eψ. (9.13)

Next, for rotational motion of a molecule we have,

Hrotψ = − h̄2

2I0

[
1

sinθ

∂

∂θ

(
sinθ

∂ψ

∂θ

)
+

1
sin2θ

∂2ψ

∂φ2

]
. (9.14)

Finally,

Hvibψ = − h̄2

2I0

∂

∂r

(
r2 ∂ψ

∂r

)
+

[
λ

2
(r − r0)

2 + u0

]
ψ. (9.15)

Note that, the first term here, in Eq. (9.15), differs from what we have studied in the
previous chapter concerning one-dimensional harmonic oscillator. Specifically, the first
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term in Eq. 9.15 is the three dimensional radial part of the Laplace operator written in
spherical coordinates. Moreover, the approximation for I has been applied to yield I0.

The solution of the problem is performed in close similarity and along lines studied in
the previous chapter. It yields the eigenfunctions,

ψn,lm,ν = ψtr
n ψrot

lm ψvib
ν . (9.16)

The first two functions on the r.h.s. of this equation are familiar. However, the eigenfunc-
tion corresponding to the vibration operator is,

ψvib
ν =

Aν

r
Hν

(
r − r0

x0

)
exp

{
−(r − r0)2

2x2
0

}
, (9.17)

where x0 = (h̄2/mredλ)1/4 and Hν are the Hermite polynomials.
The eigenvalues of the total Hamiltonian are,

En,lm,ν = Etr
n + Erot

lm + Evib
ν + u0, (9.18)

where u0 = u(r = r0) is a constant, and

Erot
lm =

h̄2

2I0
l(l + 1), Evib

ν = h̄ω(ν + 1/2). (9.19)

Exercise 9.1 Obtain the expression for the Laplace operator in spherical coordinates,

∆ =∇2 =
1
r2

∂

∂r
r2 ∂

∂r
+

1
r2

[
1

sinθ

∂

∂θ

(
sinθ

∂ψ

∂θ

)
+

1
sin2θ

∂2ψ

∂φ2

]
, (9.20)

starting from Cartesian variables.
■

9.2 Hydrogen atom in a box
The final part of this chapter concerns intrinsically similar problem. It can be viewed as
an application of the model for diatomic molecule studied above. Consider a hydrogen
atom consisting of a proton and an electron. In contrast to the development above, the
Coulomb interaction between the electron and the proton cannot be approximated by
using the concept of harmonic oscillator.

To begin with, let us use the result from the homework of the previous section. We re-
turn to the Eqs.(9.11)-(9.15) without applying approximation I = I0 and without expansion
for the potential energy,

− h̄2

2M
∇2

Rψ− h̄2

2mredr2
∂

∂r

(
r2 ∂ψ

∂r

)
− h̄2

2mredr2

[
1

sinθ

∂

∂θ

(
sinθ

∂ψ

∂θ

)
+

1
sin2θ

∂2ψ

∂φ2

]
+u(r)ψ= Eψ.

(9.21)

Note that, M = mp + me ≈ mp, mred = mpme/(mp + me) ≈ me and the COM coordinate,
R ≈ rp. Our focus is not in the motion of an atom as total, it is in fact trivial. Rather we are
interested in the relative motion with respect to the COM.

Thus, we would like to solve the Schrödinger equation of the form,

− h̄2

2mr2
∂

∂r

(
r2 ∂ψ

∂r

)
+

1
2mr2 L̂2 + u(r)ψ = Eψ. (9.22)

Note, that the expression in the square bracket in Eq. (9.21) acting on ψ, is the squared
angular momentum operator L̂2.
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Because the radial and angular variables are decoupled, we look for the solution of the
Schrödinger equation in the form of a product,

ψ(r) = R(r)Ylm(θ, φ). (9.23)

The function R(r) is called the radial function, it is determined by the equation,

− h̄2

2mr
∂2

∂r2 (rR(r)) +
h̄2l(l + 1)

2mr2 R(r) + u(r)R(r) = ER(r). (9.24)

Our experience and the form of the equation permit to choose the solution as,

χ(r) = rR(r). (9.25)

The unknown function χ(r) satisfies the equation,{
− h̄2

2m
d2

dr2 + Ul(r)

}
χ(r) = Eχ(r), (9.26)

where we introduced the notation,

Ul(r) = u(r) +
h̄2l(l + 1)

2mr2 . (9.27)

The function Ul(r) plays role of the effective potential energy. The first term is the Coulomb
attraction between the proton and electron, −e2/r , whereas the second term describes
repulsion and prohibits falling the electron on the attractive center. The variable r is
defined in the interval 0 ≤ r < ∞.

Explore first, how the function χ(r) should behave at small and large values of the
distance. If r → 0, we preserve only the two dominating terms in the Eq. (9.26),

− h̄2

2m
d2

dr2 χ(r) +
h̄2l(l + 1)

2mr2 χ(r) = 0. (9.28)

It has been assumed that ru(r)→ 0. Then, the solution is taken in the form χ = const × rk.
We compute the first and second derivatives,

dχ(r)
dr

= const × kr(k−1),
d2χ(r)

dr2 = const × k(k − 1)r(k−2), (9.29)

where substituting these into Eq. (9.28), we obtain,

−k(k − 1)r(k−2) + l(l + 1)r(k−2) = 0, (9.30)

and finally,

−k(k − 1) + l(l + 1) = 0, (9.31)

and then either k = −l or k = l + 1. The first solution is non-physical because then the
radial function, R(r) = χ(r)/r would tend to ∞, if r → 0, i.e. the particle will ”fall” on the
attractive center. Thus, we leave with k = l + 1, and,

χ(r) = const × rl+1, r → 0. (9.32)

Next, consider the limit r → ∞. Preserving solely the dominating terms, leads to the
equation,

− h̄2

2m
d2

dr2 χ(r) = Eχ(r). (9.33)
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The solution should have the form,

χ(r) ∝ eαr, r → ∞. (9.34)

Substitution of Eq. (9.34) into (9.33) determines the unknown constant,

α = ±

√
−2mE

h̄2 . (9.35)

For E > 0, we will have motion with continuous values of energy; note that α is imaginary,
i.e.,

α = ±i

√
2mE

h̄2 . (9.36)

Consequently, the wave function is oscillatory and the sign determines direction of the
spherical wave, either propagating from the center or to the center.

The bound states of the system are determined by E < 0. Then, in order to satisfy
condition that R(r)→ 0 at r → ∞, we will preserve only one value,

α = −

√
2m|E|

h̄2 , (9.37)

that leads to the wave function,

χ(r) ∝ exp

−

√
2m|E|

h̄2 r

 . (9.38)

Finally, for bound states, taking into account the behavior of the function χ in two limiting
cases, we can write down the radial wave function as follows,

R(r) = rl exp

(
−r

√
−2mE

h̄2

)
w(r). (9.39)

This expression provides correct behavior of the radial wave function in two limiting
cases, whereas the function w(r) is written formally to mimic the behavior of R(r) at
intermediate distances, evidently the form of w(r) depends on the specific shape of the
potential u(r).

Our deliberations starting from Eq. (9.24) have a quite general character. Therefore,
redo some principal issues focusing in the case of a hydrogen atom. As it has been
mentioned above, in this specific case, u(r) =−e2/r. Moreover it is convenient to introduce
a dimensionless variable ρ = r/a, where a should be a certain characteristic length for the
specific problem. With this variable, the radial Schrödinger Eq. (9.26) is,{

− h̄2

2ma2
d2

dρ2 +
h̄2l(l + 1)

2ma2ρ2 − e2

a
1
ρ

}
χ(r) = Eχ(r) (9.40)

or [
− d2

dρ2 +
l(l + 1)

ρ2 − 2mae2

h̄2
1
ρ

]
χ(r) =

E
(h̄2/2ma2)

χ(r). (9.41)

Let us choose the length scale by the relations mae2/h̄2 = 1, then a = aB = h̄2/me2 is the
so-called Bohr radius. This assumption fixes the energy scale of the problem as well,

h̄2

2ma2 =
me4

2h̄2 , (9.42)
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the r.h.s. determines energy in Rydberg units. With these definitions,[
− d2

dρ2 +
l(l + 1)

ρ2 − 2
ρ

]
χ = εχ, (9.43)

where ε = −E/(h̄2/2ma2) = −E/(me4/2h̄2), the sign minus is introduced because E < 0,
thus ε is positive! General form of the wave function follows from Eq. (9.39),

χ(ρ) = ρl+1e−ρ
√

εw(ρ). (9.44)

Then, the differential equation for the unknown function w(ρ) is,

xw
′′
(x) + [2(l + 1)− x]w

′
(x) + [1/

√
ε − (l + 1)]w(x) = 0, (9.45)

where x = 2ρ
√

ε. The solution is searched for in the form of the polynomial for the variable
x. It is lengthy and the detailed procedure can be found in the textbooks of quantum
mechanics. Here, we would like just to mention that the steps of this deliberation have
similarity with the solution of the problem for one-dimensional oscillator in chapters 7
and 8. We need only to note that the result is,

w(x) =
n−l−1

∑
k

akxk. (9.46)

Truncation of the polynomial, note the upper value in the summation above, to satisfy
limiting behavior of the wave function leads to the quantization of energy, such that,

ε =
1
n2 , En = −me4

2h̄2
1
n2 , n = 1,2,3, ... (9.47)

where n is the principal quantum number, while the orbital quantum number, l, is delim-
ited by n, l takes values 0,1, ..,n − 1. To be more comprehensive at this stage, we just write
down the explicit resulting expression for the radial wave function of the problem,

Rn,l(r) = −Cnl

(
2ρ

n

)l

e−ρ/nL2l+1
n+l

(
2ρ

n

)
, (9.48)

where,

Cnl =

√
4(n − l − 1))!
n4a3

B[(n + l)!]3
, (9.49)

and Lp
q (x) are the associated Laguerre polynomials. By this we practically finish the

solution of the problem concerned with the motion of an electron in the field of Coulomb
potential for bounded states, sometimes it is called as Kepler problem.

The total wave function of the problem, according to Eq. (9.23), then is,

ψn,l,m(r) = Yl,m(θ, φ)Rn,l(r). (9.50)

It depends on three quantum numbers: n - the principal quantum number, l - orbital
quantum number and m that is called as the magnetic quantum number (it determines the
energy levels in magnetic field. The energy, En depends on the principal quantum number
only. The fact that it does not depend on m is due to the symmetry of the Hamiltonian
relative to rotation around arbitrary axis in space. On the other hand, the fact that En does
not depend on the orbital quantum number l is the manifestation of additional symmetry
of the Hamiltonian that yields one additional integral of motion. This issue can be learned
in the quantum mechanics textbooks. Here, we would like just to emphasize that the
radial functions, Rn,l(r) determine the probability density 4πr2R2

n,l(r) of the distribution
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for the ”electron cloud” along the radius r. For example, in the case of the ground state
the probability density is,

r2R2
1,0 =

4r2

a3
B

e−2r/aB , (9.51)

it reaches maximum value at r = aB. In other words, the most probable distance at which
one can find an electron in the ground state equals to the Bohr radius. The functions
describing the excited state have several maxima, however.



10. Canonical ensemble

10.1 Postulates of the theory of ensembles

The theory of statistical ensembles is constructed by using a set of postulates.
Definition: An ensemble is a set of systems consisting of M copies of a single (original)

system at equilibrium. The number of copies M is very big, actually at some stage, we will
perform a limit M → ∞. The original system as well as all its copies is considered under the
same thermodynamic conditions, we denominate them as constraints. Thermodynamic
conditions are described by a small number of parameters, e.g. N,V and T. The name
for each ensemble is given in accordance with thermodynamic constraints. Namely, the
microcanonical ensemble is a set of isolated systems under the conditions that N,V and
E are chosen fixed. Here, E denotes the total energy of the system. An ensemble of
systems with N,V and T fixed is called as canonical ensemble. We will consider the
isobaric-isothermal ensemble defined by the N, P and T parameters. And finally, the
grand canonical ensemble is defined by µ,V and T conditions, where µ is the chemical
potential. This latter ensemble is open, as it permits interchange of particles between the
reservoir and the system.

In above, we have used notation N for the number of particles, in other words restrict-
ing to a system of single species. This has been assumed just for simplicity. In fact, all the
definitions and machinery are applicable for any multicomponent equilibrium system.
Then one should define N describing composition of the system in terms of the number of
particles of each species N1, N2, ... for microcanonical, canonical and isobaric ensemble. In
this situation, the grand canonical ensemble should be defined by using thermodynamic
constraints for each species, µµµ with µ1,µ2, .. describing chemical potential for each species.

A system subject to certain constraints can generally evolve in time through a huge
number of quantum states (or microstates) as the effect of intra- and inter-molecular
interactions. We do not have device to explore the system in different microstates. Thus,
it is assumed that the number of copies of the original system is so big, that all possible
(dependent on constraints) microstates are present in the ensemble. Even more, the
number of copies describing each unknown microstate α, denote it as Mα, is big. If we
refer to the microstate as the random event, then the probability, pα, of finding the system
in the microstate α (or say to find the microstate α) is,

pα =
Mα

M
. (10.1)
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If we would know the probability distribution for an ensemble, then the ensemble average
of a certain mechanical property F could be obtained using,

< F >= ∑
α

pαFα. (10.2)

Frequently, the theory of ensembles is developed starting from a premise (or postulate)
that the thermodynamic or long-time average value of the mechanical variable is equal to
the ensemble average value of this variable.

Is it true? Rigorously speaking the answer is no, because within mental construction an
ensemble contains all possible microstates conformed with external constraints, whereas
in the time evolution the system would not ”visit” all possible microstates even if the
observation time is quite large. In order to proved that the postulate is valid, one would
need to show that practically only the most probable microstates contribute to the average.
In other words, it is necessary to demonstrate that the series pαFα, if ordered by the
magnitude of the values of pα is rapidly converging.

According to the explanation given by T. Davis in Ref. [2], the justification of this
postulate is known as the ergodic hypothesis, it applies to molecular systems governed
by classical or quantum mechanics. Although the hypothesis has been rigorously proved
under certain restrictive conditions, in general, it remains a postulate. Its validity is largely
accepted due to the extensive empirical evidence supporting the agreement between
theoretical predictions and experimental observations. A more detailed discussion of the
ergodic hypothesis at fundamental level one can find in the monograph by R. Balescu [19].

The second postulate of ensemble theory is that in an ensemble representative of an
isolated thermodynamic system, the systems of the ensemble are distributed ”uniformly”
or say with equal probability (or frequency) over all possible quantum states of the system.
This is known as the postulate of equal a priori probability. If this statement is explained
in terms of time, one would say that over a long period of time the fraction of time an
isolated system spends in any one quantum state (consistent with N,V and E constraints)
is the same as the fraction of time it spends in any other distinct quantum state.

The validity of these postulates can be questioned, but the results of ensemble theory
never contradict experimental findings. On the other hand, ensemble theory possesses
predictive power guiding experimental research in various situations.

10.2 Towards entropy

It is of interest to comment how the concept of entropy enters the theory of ensembles.
Recall how the ensemble is constructed and restrict to an isolated system with given
parameters, N, V and energy E. First, we pick up a single system with such constraints.
Next, add the second, the third and following copies of the system all subject to the same
values of external parameters. We are unaware, or better say, we are unable to describe the
microstates in which each of the systems is. Therefore, just pertinent comment is that the
systems are in different microstates permitted by the external parameters. So the states are
undefined or chaotically distributed according to the values of external thermodynamic
parameters. Let us use the concept of absence of knowledge about the distribution of
microstates and define a property that characterizes disorder or absence of knowledge
about microstates distribution.

Let us define the entropy as the measure of uncertainty of a microstate of the system
from the ensemble. The entropy should be a number, thus it is a functional of the probabil-
ity distribution of microstates. In order to find how the microstates are distributed, recall
that the equilibrium state in thermodynamics is unique and corresponds to the maximum
of entropy, this observation permits to search the law according to which the microstates
are distributed.
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Thus, we are looking for the functional of entropy such that: a) entropy should be zero
if there is no absence of knowledge, i.e. say if one of microstates is certain and all other are
impossible. Introduce notation, pα, as the probability of microstate α. If we have pα = 1
and pα

′ = 0 for all α
′ ̸= α, then we know everything about the microstates distribution, i.e.

there is no uncertainty.
The second condition is the following. At a given number of microstates, the entropy

should be at maximum if all the microstates are equally probable. Moreover, the entropy
should increase, if the number of equally probable microstates increases. In this situation
our absence of knowledge, or uncertainty is at maximum. Finally, the entropy must be
additive, or in other words the entropy of the system composed of several independent
parts should be the sum of the entropy’s of the parts.

Let us show that all these conditions are satisfied if the entropy is defined as,

S = −kB ∑
{α}

pα ln pα, (10.3)

where kB is the Boltzmann constant.
Consider now how the requirements described above match the definition of entropy.

According to the first condition above, assume that all the systems of an ensemble are in
the same (certain) state α0 such that pα0 = 1. Then, the probability to find any other state
for the systems in an ensemble α ̸= α0 is zero. Thus,

S = −kB pα0 ln pα0 − kB ∑
α ̸=α0

pα ln pα. (10.4)

Here, we will take into account that limx→0 x ln x = 0. Hence,

S = −kB1 × ln1 − kB ∑
α ̸=α0

0 × ln0 = 0. (10.5)

Consequently, the entropy of an ensemble, in which uncertainty of the microstate is absent,
equals to zero. Now, let us show that entropy is at maximum, if all the microstates are
equiprobable. Search for the extremum condition in the definition of entropy,

δS = −kB

G

∑
α=1

[δpα ln pα + pαδ(ln pα)] = −kB

G

∑
α=1

[ln pα + 1]δpα = 0, (10.6)

where G is the total number of microstates for the systems forming ensemble. It is evident,
that if all the variations δpα would be independent, then the extremum of entropy is
determined by equations to put all the coefficients ln pα + 1 equal to zero. However,
because the probabilities are normalized,

∑
{α}

pα = 1, (10.7)

then,

G

∑
α=1

δpα = 0, (10.8)

and therefore only G − 1 variations of all G are independent. Consequently, it is more
convenient to use the method of Lagrange multipliers and search the unconditional
extremum of the functional,

L = S − λ ∑
{α}

pα, (10.9)
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where λ is the Lagrange multiplier that should be determined afterwards. Now, the
desired extremum follows from the equation,

δL = −kB

G

∑
α=1

[ln pα + 1 + λ/kB]δpα = 0. (10.10)

Now, all the variations are independent and the extremum is determined by the condition,

ln pα + 1 + λ/kB = 0, (10.11)

or

pα = exp[−λ/kB − 1]. (10.12)

It is clear that pα = const, because λ and kB are constants. Using the normalization
condition for the probability of the microstates, Eq. (10.7), we obtain,

pα =
1
G

, (10.13)

and the entropy from the definition Eq. (10.3) attains the final form,

S = kB ln G. (10.14)

Thus, the entropy has a maximum, moreover the entropy increases with increasing the
number of microstates. Finally, let us show that S is additive. Let the system consists of
two independent subsystems. The probability of a microstate of the system as total is the
product of probabilities of certain microstates for each subsystem,

pα12 = pα1 pα2 . (10.15)

Then, according to the definition of entropy,

S = −kB ∑
α12

pα12 ln pα12 = −kB ∑
{α1,α2}

pα1 pα2 ln pα1 − kB ∑
{α1,α2}

pα1 pα2 ln pα2 . (10.16)

Because of normalization of probabilities of microstates for each subsystem, we obtain,

S = S1 + S2. (10.17)

To conclude, we observed that the entropy according to the definition in Eq. (10.3) really
is a measure of uncertainty of the microstate of the system in an ensemble. Thus, the
distribution of probability of the microstate can be searched for from the extremum
of entropy at certain additional constraints. The distribution should be such that the
ensemble averages would lead to certain values of physical properties and these averages
are different for different ensembles.

Let us now proceed to the systematic procedure to find the probability distribution
of microstates in different ensembles. Recall that the only useful knowledge and starting
point is the postulate of the microcanonical ensemble of equal a priori probability.

10.3 Statement of the problem: Canonical ensemble
To begin with, consider a large set of systems (its number is M) each of volume V and
each with number of particles N. All these systems have been equilibrated at temperature
T. Each of the systems has been restricted by diathermal walls to provide equilibration
from starting conditions, such that heat can pass through the walls but the amount of
matter in the system is fixed. We can consider the entire set of M systems as a single large
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super-system. The original systems are the subsystems of the super-system. Let us assume
that the super-system is isolated from the surrounding by adiabatic walls.
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Fig. 10.1: Schematic representation of the super-system in question. It is composed of M
subsystems, each with volume V, each with N particles and in equilibrium at temperature
T. The super-system is isolated by adiabatic walls.

Recalling the applications of quantum mechanics discussed in previous chapters, we
state that a subsystem can be in quantum states with discrete energies Ei, (i = 1,2,3, ...)
which depend on V and N. Therefore, the super-system that we deal with, can be
described by the set of numbers, ν1,ν2,ν3, ..., where νi is the number of subsystems in the
i-th quantum state. According to the setup,

∑
i

νi = M. (10.18)

In addition, because the super-system is isolated, we have,

∑
i

νiEi = Etot, (10.19)

where Etot is the total energy. It is a certain constant.
A given set of numbers, ν1,ν2,ν3, ... is denominated as distribution. Then, the super-

system in question for a specific distribution of these numbers can be in any of

Ω({ν}) = M!
∏i(νi!)

(10.20)

distinct states. So we have the number of states for a given distribution.
The total number of distinct states possible for the super-system is,

ΩT = ∑
{ν1,ν2,...}

Ω({ν}), (10.21)

where the summation is over all distribution sets of the numbers (ν1,ν2, ...) that are con-
sistent with the imposed constraints for the number of subsystems M and for the total
energy of isolated super-system Etot.

Specify now our objective. We are looking for the probability pi that a system with
volume V and the number of particles N, in equilibrium at temperature T, is in the
quantum state (microstate) with Ei. At a given set of numbers ν1,ν2, ..., or equivalently
with the assumed distribution set, the fraction of systems (belonging to a single super-
system) in such state is,

νi/M. (10.22)

On the other hand, if we take a super-system and construct the microcanonical ensem-
ble of super-systems, the postulate of equal a priori probability applies. According to this
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postulate, the probability that a super-system picked at random from the microcanonical
ensemble is in the microstate with the distribution set defined by ν1,ν2, ... is,

Ω({ν})/ΩT. (10.23)

With this probability determined, we are able to say that the average fraction of subsystems
in the state Ei is,

∑
ν1,ν2,...

νi
Ω({ν})

ΩT
=<

νi

M
> . (10.24)

The right hand side term of this equation would become the probability that a subsystem
picked at random from a canonical ensemble (N,V, T) is in the state Ei, if the limit M → ∞
is performed. So, we have a recipe to find the desired probability by using the l.h.s. as,

pi = lim
M→∞

∑
ν1,ν2,...

νi
Ω({ν})

ΩT
. (10.25)

Apparently, it looks as quite difficult task. However, the calculation can be performed
because for large values of Ω({ν}) it is dominated by its largest value, i.e. has a form like
delta-function. Let us demonstrate this feature by considering a particular simple case.

Assume that there are only two quantum states, or microstates, for the subsystem.
Then, the expression for Ω({ν}) given by Eq. (10.20) is,

Ω({ν}) = M!
ν1!(M − ν1)!

. (10.26)

We would like to show that Ω attains maximum at ν1 = M/2. If the numbers involved
in the calculations are big, resort to the Stirling approximation, ν! ≈ (ν/e)ν. Then the
previous Eq. (10.26) becomes,

Ω({ν}) = MM

νν1
1 [(M − ν1)(M−ν1)]

(10.27)

If the maximum value at ν1 = M/2 exists, it is convenient to work with the deviation from
this maximum, introduce the variable m = ν1 − M/2. Evaluate the value of Ω({ν}) at
ν1 = M/2 and denote it as Ωmax. Then, the ratio, Ω({ν})/Ωmax is,

Ω({ν})/Ωmax =
[(1 − 2m

M )(m−M/2)]

[(1 + 2m
M )(m+M/2]

(10.28)

To simplify the result, let us apply the following representation of the exponent,

ex = lim
n→∞

(
1 +

x
n

)n
. (10.29)

Then,

Ω({ν})/Ωmax =
[(1 − 2m

M )m]

[(1 + 2m
M )m]

, (10.30)

under the condition that M is big. It is convenient to rescale the variable m as follows,
m = ξM/2, where ξ is the positive fraction. Then, we observe,

lim
M→∞

Ω({ν})/Ωmax = lim
M→∞

(
1 − ξ

1 + ξ

)ξM/2

= 0, i f ξ > 0. (10.31)

Otherwise the l.h.s. equals to unity if ξ = 0.
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As conclusion, we see that in the expression defining the probability by Eq. (10.25),
only the terms yielding maximum of Ω({ν})/Ωtot matter. Above, in the illuminating
simple exercise, we assumed the distribution set. With this knowledge, we are able to
apply the approximation to evaluate Ω({ν}) in Eq. (10.25) to obtain,

pi = lim
M→∞

ν∗i Ωmax

MΩmax
= lim

M→∞

ν∗i
M

, (10.32)

where ν∗1 ,ν∗2 , ... is the distribution set of numbers maximizing the value for Ω({ν}). Thus,
to find the desired distribution, we must look for the maximum of Ω({ν}) subject to the
constraints for the numbers ν1,ν2, ... given by Eqs. (10.18) and (10.19).

The distribution that maximizes Ω({ν}) is the same that maximizes the functional
lnΩ({ν}). The latter procedure offers certain advantages. So, we need to solve the
equations,

∑
i

(
∂ lnΩ

∂νi

)∣∣∣∣
{ν∗}

δνi = 0. (10.33)

Additional constraints follow from Eqs. (10.18) and (10.19),

∑
i

δνi = 0; ∑
i

Eiδνi = 0. (10.34)

As in the previous subsection, we apply the method of Lagrange multipliers to make the
variations δνi independent. Thus, we obtain,

∑
i

[(
∂lnΩ

∂νi

)∣∣∣∣
{ν∗}

− α − βEi

]
δνi = 0, (10.35)

where α and β are the undetermined multipliers. Using the definition of Ω from Eq. (10.20)
and taking the logarithm, we have,

ln (Ω({ν})) = ln(M!)− ln

(
∏

i
νi!

)
= ln(M!)− ∑

i
ln (νi!)

= M ln M − ∑
i

νi lnνi, (10.36)

where Stirling approximation for large numbers was used. Then take derivative by any of
the numbers ν to get,(

∂ lnΩ
∂νi

)
=

∂

∂νi
{(ν1 + ν2 + · · · ) ln(ν1 + ν2 + · · · )− (ν1 lnν1 + ν2 lnν2 + · · · )}

= ln M − lnνi. (10.37)

Therefore, the result for the Eq. (10.35) is,

ln
(

M
νi

)
− α − βEi = 0, (10.38)

for any index i. Consequently, the probability of finding the system from canonical
ensemble in the state Ei is,

pi = lim
M→∞

(
ν∗i
M

)
= e−α−βEi . (10.39)

Still, this is not the final form of the result. We should use the normalization condition for
the probability to eliminate the multiplier α. Hence,

∑
i

pi = 1 = ∑
i

e−α−βEi , (10.40)
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with the result,

exp(−α) = 1/∑
i

e−βEi = 1/QN . (10.41)

Now, the final form of the result for the probability is,

pi =
1

QN
e−βEi , (10.42)

where QN = ∑
i

e−βEi is called the partition function or the sum of states of the canonical

ensemble. We will see slightly later that QN contains all the information concerning
thermodynamic properties of the system described by canonical ensemble.

10.4 Thermodynamic properties from partition function

Recall that we have the expression for the probability of finding the microstate of the
system described by canonical ensemble,

pi =
1

QN
e−βEi ; QN = ∑

i
e−βEi , (10.43)

where QN is the partition function. The internal energy of the system under N,V and T
conditions is,

U = ∑
i

piEi =
1

QN
∑

i
Eie−βEi , (10.44)

where Ei is the energy of the system in the i-th quantum state. In addition, let us define
the pressure as,

P = ∑
i

piPi =
1

QN
∑

i
Pie−βEi , (10.45)

where,

Pi = −
(

∂Ei

∂V

)
N

. (10.46)

This latter equation requires explanation. Specifically, the reversible work that has to be
done on a closed system (with N fixed) in the energetic state i to increase its volume by dV
is dEi = (∂Ei/∂V)NdV =−PidV. With these premises, we observe that the thermodynamic
properties of the system are hidden in the partition function. Indeed, Eqs. (10.44) and
(10.45) can be written as,

U = −
(

∂ ln QN

∂β

)
N,V

, (10.47)

and

P =
1
β

(
∂ ln QN

∂V

)
N,β

. (10.48)

As it was mentioned at the end of the previous chapter, the Lagrange multiplier β is
not determined so far. Our intention is to evaluate it. To do that, it seems reasonable to
calculate the partition function for a system with well defined thermodynamic properties.
Therefore, consider an ideal gas of mono-atomic particles and assume that the particles are
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distinguishable to use the result coming from classical mechanics treatment. The energy
of a given quantum state of such gas restricted to a cubic volume is,

E =
N

∑
j=1

π2h̄2

2mjV2/3 (n
2
xj
+ n2

yj
+ n2

zj
), (10.49)

where the quantum numbers nx1 ,ny1 ,nz1 , ..., nzN is a certain set of positive integers. Accord-
ing to the definition of the partition function QN , we need to perform summation over
all possible quantum states, i.e. over all possible set of integer 3N-tuples. Let us do that,
starting from the definition of QN ,

QN =
∞

∑
nx1=1

...
∞

∑
nzN=1

exp

[
−β

N

∑
j=1

π2h̄2

2mjV2/3 (n
2
xj
+ n2

yj
+ n2

zj
)

]
=

N

∏
j=1

qj, (10.50)

where,

qj =
∞

∑
nx=1

∞

∑
ny=1

∞

∑
nz=1

exp

[
−β

π2h̄2

2mjV2/3 (n
2
x + n2

y + n2
z)

]
, (10.51)

is the one-particle partition function. It is not straightforward to perform summation here.
Therefore, we would like to substitute summation by integration. At the first step, let us
formally introduce the grid in terms of the variables ∆nx = ∆ny = ∆nz = 1. Then,

qj =
∞

∑
nx=1

∞

∑
ny=1

∞

∑
nz=1

∆nx∆ny∆nz exp

[
−β

π2h̄2

2mjV2/3 (n
2
x + n2

y + n2
z)

]
. (10.52)

Next, let us absorb β and V into the variables,

ξ =
β1/2

V1/3 nx, ζ =
β1/2

V1/3 ny, η =
β1/2

V1/3 nz. (10.53)

With these notation the one-particle partition function becomes,

qj =
V

β3/2

∞

∑
ξ

∞

∑
ζ

∞

∑
η

∆ξ∆ζ∆η exp

[
−β

π2h̄2

2mj
(ξ2 + ζ2 + η2)

]
, (10.54)

where each of the summations starts from β1/2/V1/3 and terminates at infinity with the
step β1/2/V1/3. The step of summation can be made very small by assuming that the
volume of the system is sufficiently large. Then, the summation can be substituted by
integration as follows,

∞∫
0

∞∫
0

∞∫
0

dξdζdη exp

[
−β

π2h̄2

2mj
(ξ2 + ζ2 + η2)

]
=

1
8

(
2πmj

π2h̄2

)3/2

. (10.55)

In consequence, the partition function of the N-particle system is,

QN =
VN

β3N/2

N

∏
j=1

(
πmj

2π2h̄2

)3/2

, (10.56)

and the equation of state can be immediately obtained from Eq. (10.48), P = N/(βV). By
comparison with the equation of state already known for an ideal gas, we arrive at the
result,

β =
1

kBT
. (10.57)
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The internal energy then is,

U =
3
2

NkBT. (10.58)

In fact we have thermodynamics incomplete because entropy is missing. To do that,
consider isothermal expansion for a closed, i.e. NVT system,

dU = TdS − PdV. (10.59)

However, according to the definition of internal energy, U = ∑i piEi, we get,

dU = ∑
i

Eidpi + ∑
i

pidEi = −kBTd(∑
i

pi ln pi)− PdV. (10.60)

Exercise 10.1 Show this equation explicitly. ■

By comparison of Eq. (10.59) and Eq. (10.60) we can identify the differential of entropy as,

dS = −kBd(∑
i

pi ln pi). (10.61)

According to thermodynamics dS is an exact differential, therefore the r.h.s. of Eq. (10.61)
is also an exact differential. Thus we are able to integrate Eq. (10.59) to get,

S = −kB ∑
i

pi ln pi + C =
U
T
+ kB ln QN + C, (10.62)

where C is the integration constant. One can choose C = 0 without loss of generality. Then,

S =
U
T
+ kB ln QN . (10.63)

This result should be compared with thermodynamic expression defining the Helmholtz
free energy, A,

S =
U
T
− A

T
, (10.64)

to yield,

A = −kBT ln QN , (10.65)

that represents fundamental relation for the canonical ensemble thermodynamics. To
summarize, thermodynamics of the system described by canonical ensemble follows from,

P = kBT
(

∂ ln QN

∂V

)
N,T

; S = kB

(
∂(T ln QN)

∂T

)
N,V

; µ =−kBT
(

∂ ln QN

∂N

)
V,T

, (10.66)

where µ is the chemical potential.

10.5 Energy fluctuations
In the NVT system described by canonical ensemble the energy is not constant or say
it fluctuates around it mean value. We would like to evaluate the magnitude of these
fluctuations. Let us define the mean square deviation of energy in the canonical ensemble,

σ2
E = (E −<E>)2, (10.67)
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where E denotes the energy of the system (U can be used as well), two equivalent notations,
the overline and < ... >, are used for averaging over ensemble. Recall that,

pi =
1

QN(V, T)
exp[−βEi(N,V)]. (10.68)

So,

σ2
E = Ē2 − 2E<E>+<E>2 =< E2 > −<E>2 = ∑

i
piE2

i − < E >2 . (10.69)

Let us evaluate the average of the squared energy first,

1
QN

∑
i

E2
i exp(−βEi) = − 1

QN

∂

∂β

(
∑

i
Eie−βEi

)
= − 1

QN

∂

∂β
(ĒQN)

= − 1
QN

[
QN

∂Ē
∂β

]
− Ē

∂lnQN

∂β
= kBT2 ∂Ē

∂T
+ < E >2 .

(10.70)

Thus,

< E2 > − < E >2= kBT2 ∂ < E >

∂T
. (10.71)

If < E > is the thermodynamic (internal) energy, we obtain,

σ2
E = kBT2CV , (10.72)

where CV is the heat capacity at constant volume. It is of interest to estimate the magnitude
of the energy fluctuations with respect to the mean energy. In the case of ideal gas we will
have,

σE

<E>
=

(kBT2CV)
1/2

<E>
∝ O

(
1√
N

)
. (10.73)





11. Grand Canonical Ensemble

11.1 Statement of the problem: grand canonical ensemble

The grand canonical ensemble is a large collection (M is the large number, at the end of
the procedure the limit of M to infinity will be performed) of copies of the original system
that has volume V. The original system has been thermally equilibrated with a thermal
bath at temperature T. Moreover, the original system has been chemically equilibrated
with a bath at chemical potential µ 1. In other words, we permit mass transfer between
the bath and the system or say interchange of particles between them. The bath should
contain similar particles as the system. We restrict attention to a single-component system
for simplicity. Extension for mixtures can be performed straightforwardly, however.

One example of the physical system we are thinking of in using grand canonical
ensemble is the fluid in porous media or in a single pore. The fluid in the pore is in
equilibrium with the reservoir of the same particles. The chemical potential for the fluid
in the pore and in the reservoir are equal at equilibrium. However, the density of the fluid
in the reservoir (in the bulk phase) is different from the fluid density in the pore.
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Fig. 11.1: Schematic representation of the grand canonical ensemble.

The systems of a grand canonical ensemble (i.e., copies of the original system) are
open, each of them has a fixed volume, but the boundaries are permeable to both heat and
matter exchange with a reservoir. The number of particles in the systems is determined by

1The chemical potential is the rate of change of the free energy at constant temperature and volume.
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the chemical potential value, the number of particles is not fixed, it fluctuates around the
mean value. Let us form a single super-system from the systems described by a grand
canonical ensemble (see the figure) and isolate it to take advantage of the equal apriori
probability in what follows.

In a given state of the super-system we will have a distribution ν, consisting of numbers
νi(N). These numbers describe how many systems are in the state i with the number
of particles N. So, we have the numbers like that: ν1(0), then ν1(1),ν2(1),ν3(1), ..., then
ν1(2),ν2(2),ν3(2), ... and so on ν1(3),ν2(3),ν3(3), .... In other words, we have the systems
in different energy states with different occupation by particles. This occupation number
can be thought as the internal quantum number for the state i as well.

In order to proceed, it is straightforward to apply similar reasoning as we have done
for canonical ensemble in the previous chapter. To start, the number of possible states of
the single super-system is,

Ω({ν}) = M!

∏
i,N

νi(N)!
. (11.1)

Next, the constraints, similar to the procedure for the canonical ensemble, in the present
case are,

M = ∑
i

∑
N

νi(N), (11.2)

and

Etot = ∑
i

∑
N

νi(N)Ei(N,V), (11.3)

for the total energy of the isolated super-system. However, in the present case of the grand
canonical ensemble we have one more, additional constraint,

Ntot = ∑
i

∑
N

νi(N)N. (11.4)

All these ingredients above are necessary to search for the distribution of microstates in
the grand canonical ensemble. Apply very similar arguments as in the previous chapter
concerned with the canonical ensemble to arrive at the equation almost equal to Eq. (10.35),

∑
i,N

(
∂ lnΩ({ν})

∂νi(N)

)∣∣∣∣
{ν∗}

δνi(N) = 0, (11.5)

subject to the following constraints, which follow from Eqs. (11.2) and (11.3),

∑
i

∑
N

δνi(N) = 0; ∑
i

∑
N

Eiδνi(N) = 0; ∑
i

∑
N

Nδνi(N) = 0, (11.6)

To make the variations δνi independent, we apply the method of Lagrange multipliers, α,
β, and γ. This leads to,

∑
i,N

[(
∂ lnΩ({ν})

∂νi(N)

)∣∣∣∣
{ν∗}

− α − βEi − γN

]
δνi(N) = 0, (11.7)

where γ is an additional Lagrange multiplier because we have one more constraint given
by Eq. (11.4) here. The terms in square bracket in Eq. (11.7) should be zero because the
variations δνi(N) are independent. Following the same procedure as before for canonical
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ensemble, we get the expression for the distribution of microstates that maximizes Ω in
the form,

ln
(

M
ν∗i (N)

)
− α − βEi − γN = 0, (11.8)

for each i, or equivalently,

ν∗i (N) = Me−α−βEi−γN . (11.9)

Eq. (11.2) can be used to eliminate M here, namely,

M = ∑
i

∑
N

ν∗i (N) = M∑
i

∑
N

e−α−βEi−γN , (11.10)

to yield,

e−α = 1/∑
i

∑
N

e−βEi−γN . (11.11)

In summary, the probability pi(N) that the system described by grand canonical ensemble
will have N particles and will be in the energetic state Ei(N,V) is,

pi(N) = lim
M→∞

ν∗i (N)

M
=

1
Ξ

e−βEi−γN , (11.12)

where,

Ξ = ∑
i

∑
N

e−βEi(N,V)−γN , (11.13)

is the normalization constant that is called as the grand thermodynamic partition func-
tion. Still the result is not entirely satisfactory because the Lagrange multiplier γ is not
determined. To do that, let us explore thermodynamic connection.

11.2 Thermodynamic properties in grand canonical ensemble
The internal energy and pressure are obtained in close similarity to our previous derivation,

U = ∑
i

∑
N

Ei(N,V)pi(N), (11.14)

and

P = −∑
i

∑
N

pi(N)

(
∂Ei

∂V

)∣∣∣∣
N

. (11.15)

In addition, the average number of particles that corresponds to the external chemical
potential is,

N = ∑
i

∑
N

Npi(N). (11.16)

Let us calculate the differential of U using the explicit expression for pi(N) from Eq. (11.12),

dU = ∑
i

∑
N

pi(N)dEi(N,V) + ∑
i

∑
N

Ei(N,V)dpi(N)

= ∑
i

∑
N

Ei(N,V)dpi(N) + ∑
i

∑
N

pi(N)

(
∂Ei(N,V)

∂V

)
dV

= ∑
i

∑
N

Ei(N,V)dpi(N)− PdV.

(11.17)



92 Chapter 11. Grand Canonical Ensemble

On the other hand explore the form,

−kBTd(∑
i

∑
N

pi(N) ln pi(N)) = −kBT ∑
i

∑
N
[−βEi(N,V)− γN − lnΞ]dpi(N)

= ∑
i

∑
N

Ei(N,V)dpi(N) + kBTγ∑
i

d∑
N

Npi(N) = ∑
i

∑
N

Ei(N,V)dpi(N) + kBTγdN.

(11.18)

Use now Eq. (11.18) to put Eq. (11.17), in pretty thermodynamic form,

dU = −kBTd(∑
i

∑
N

pi(N) ln pi(N))− PdV − kBTγdN, (11.19)

and compare this expression with thermodynamic formula,

dU = TdS − PdV + µdN. (11.20)

We observe that,

γ = −µ/kBT, β = 1/kBT. (11.21)

Then the partition function of the grand canonical ensemble takes its final form,

Ξ = ∑
i

∑
N

e−Ei/kBT+µN/kBT = ∑
N

eµN/kBTQN(V, T). (11.22)

It can be seen that the grand canonical ensemble can be considered as a set of canonical
ensembles with different number of particles. As it follows from our considerations above,
the entropy in the grand canonical ensemble is,

S = −kB ∑
i

∑
N

pi(N) ln pi(N). (11.23)

It is necessary to put emphasis on the properties intrinsic for the grand canonical ensemble.
Namely, we can find the probability p(N) that a system with volume V at temperature T
has the number of particles N regardless its energy states,

p(N) = ∑
i

pi(N) =
QN

Ξ
eµN/kBT. (11.24)

Then, the average number of particles in the system with given chemical potential µ and
V, T can be written as,

N = ∑
i

∑
N

Npi(N) = ∑
N

N ∑
i

pi(N) = ∑
N

Np(N) = ∑
N

N
QN

Ξ
eµN/kBT. (11.25)

Taking into account Eqs. (11.22) and (11.24), the average number of particles is related to
the external variable of the chemical potential as follows,

N = kBT
(

∂ lnΞ
∂µ

)∣∣∣∣
V,T

. (11.26)

Similarly, the equation of state given by Eq. (11.15) is,

P = kBT
(

∂ lnΞ
∂V

)∣∣∣∣
µ,T

. (11.27)

Finally, we would like to express entropy of the system in terms of the partition function.
To do that, let us use the definition of entropy given in Eq. (11.23) and just substitute the
result for the probability into ln pi(N). Then we obtain,

S =
U
T
− µN

T
+ kB ln Ξ. (11.28)
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On the other hand, the formula,

S =

(
kB∂(TlnΞ)

∂T

)∣∣∣∣
µ,V

, (11.29)

yields the same result.
Finally, it is of interest to make comparison of the expression for entropy in Eq. (11.28)

with thermodynamic result in Eq. (11.20), dU = TdS − PdV + µdN, written as,

dS =
1
T

dU +
1
T

PdV − 1
T

µdN. (11.30)

We assume that the system is macroscopic, or in other words the contribution of the surface
boundary to thermodynamic properties is negligible, comparing to the contribution
coming from the body volume of the system. Thus we integrate the expression by volume
(taking into account that U is the extensive variable) to get,

S =
1
T

U +
1
T

PV − 1
T

µN. (11.31)

It follows then, the equation of state can be written as,

PV = kBT lnΞ = −Ω(µ,V, T), (11.32)

where Ω in thermodynamics is called as the grand thermodynamic potential. It is worth
mentioning that this expression is valid for homogeneous macroscopic system, i.e. the
surface effects should be vanishing [2].

11.3 Fluctuations of density in grand canonical ensemble

Define and transform the mean square deviation of the number of particles as,

σ2
N =< N2 > − < N >2= ∑

i
∑
N

N2 pi(N)− < N >2

=
1
Ξ ∑

N
N2eβµNQN(V, T)− < N >2 . (11.33)

We observe that,

1
Ξ ∑

N
N2eβµNQN(V, T) =

1
β2

1
Ξ

(
∂2Ξ
∂µ2

)
=

1
β2Ξ

∂

∂µ

(
∂Ξ
∂µ

)
=

1
βΞ

∂

∂µ

(
ΞN
)
=

N
βΞ

(
∂Ξ
∂µ

)
+

1
β

(
∂N
∂µ

)
, (11.34)

where the derivatives are taken at constant V and T. Taking into account Eq. (11.26), we
arrive at the result,

σ2
N = kBT

(
∂N
∂µ

)
. (11.35)

Let us derive auxiliary relation by using Eq. (11.27) and chain rule,

P = kBT
(

∂lnΞ
∂V

)
µ,T

= kBT
(

∂lnΞ
∂µ

)
V,T

(
∂µ

∂<N>

)
V,T

(
d < N >

dV

)
= <N>

<N>

V

(
∂µ

∂<N>

)
V,T

=
<N>2

V

(
∂µ

∂<N>

)
V,T

, (11.36)
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where <N> is defined by Eq. (11.26), and <N> V are extensive variables. So, d<N>/dV =
<N>/V. The isothermal compressibility, κT, follows from Eq. (11.36)

κT = − 1
V

(
∂V
∂P

)
T
=

V
<N>2

(
1/
(

∂µ

∂<N>

)
V,T

)
. (11.37)

In consequence, the fluctuations of density for a system (Eqs. (11.33) and (11.35)) described
by the grand canonical ensemble are related to the isothermal compressibility as follows,

σ2
N =

N2

V
kBTκT. (11.38)

It is known that at vapor-liquid critical point (∂P/∂V)T = 0, or vice versa, (∂V/∂P)T → ∞
while approaching the critical point. As a result we see that the fluctuations of density
diverge at the critical point.



12. Isobaric-Isothermal Ensemble

12.1 The Isobaric-isothermal ensemble

Now we would like to consider an ensemble of systems with fixed N, T and P conditions.
Under such circumstances the volume of the system, V is the result of assumed value of
pressure P. This is the so-called isobaric-isothermal ensemble.

As we know already, the energetic state is determined by the number of particles and
volume of the system, e.g. for the i-th state we have Ei = Ei(N,V). For purposes of the
derivation, as in the book of T. Davis [2] and in other sources, we would like to discretize
the volume rather than use it as a continuous variable. So, we imagine that the volume of
the system is Vj = j × v0, where v0 is a small volume element, or say unit of measure of
the volume. Thus, we can write Ei = Ei(N,Vj) and speak about the energy state i of the
system with volume Vj and with number of particles N.

Consider a system at N, P, T conditions and make its M copies, in close similarity
to previous chapters. The values for volume variable for each copy (conjugated to the
pressure) are unknown, we can suspect that volume will fluctuate. All the NPT systems
together, will form a single super-system, next isolate this super-system. The isolated
super-system consists of M copies,

M = ∑
i

∑
Vj

νi(Vj), (12.1)

where νi(Vj) is the number of systems at energetic state i with the volume Vj. Because of
isolation, the super-system is characterized by the total energy,

Etot = ∑
i

∑
Vj

νi(Vj)Ei(N,Vj). (12.2)

One more constraint is that the total volume of the isolated super-system is,

V = ∑
i

∑
Vj

νi(Vj)Vj. (12.3)

Next, we can construct the microcanonical ensemble of super-systems, each with N,V and
Etot parameters. We have everything now to apply all the machinery as in previous two
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chapters at arrive at the probability that the system is in the energetic state Ei(N,Vj) with
the volume Ei(N,Vj),

pi(Vj) =
1
∆

e−βEi(N,Vj)−γVj , (12.4)

where β and γ are Lagrange multipliers and ∆ is the partition function of the isobaric-
isothermal ensemble,

∆ = ∑
i

∑
Vj

e[−βEi(N,Vj)−γVj]. (12.5)

One can apply similar tricks as for canonical and grand canonical ensemble, by comparison
with known result for energy and by comparison with thermodynamic relations, to show
that,

β = 1/kBT; γ = P/kBT. (12.6)

Thus, the partition function is,

∆ = ∑
i

∑
Vj

e−(Ei(N,Vj)−PVj)/kBT = ∑
Vj

QN(Vj)e−PVj/kBT, (12.7)

where QN refers to the partition function of canonical ensemble.
The characteristic thermodynamic potential for the NPT ensemble is the Gibbs free

energy, G, in which,

G = −kBT ln∆. (12.8)

Although Eq. (12.7) is formally correct, Guggenheim (who introduced the NPT ensemble
first) never specified the set of values of V over which the sum was to proceed. In the
thermodynamic limit, this omission is inconsequential since almost any reasonable set
of volumes is satisfactory. The lack of specification of the volumes over which the sum
extends is one of the unsatisfactory features of the NPT ensemble. The success of the NPT
ensemble, despite the failure to specify the set of volumes, is closely connected to the
properties of all partition functions in the thermodynamic limit. As the system becomes
macroscopic in size, ∆ can be represented by its maximum term, so in essence one is dealing
only with the canonical ensemble. Therefore, the role of the sum in Eq. (12.7) is reduced
primarily to facilitate certain mathematical manipulations needed in the derivation of
thermodynamic properties.

Since the volumes of most systems are regarded as continuous variables, some authors
have attempted to remove the conceptual difficulty associated with the sum over an
unspecified set of discrete volumes by expressing ∆ as,

∆ =
1
v0

∫
V

QN(V, T)e−PV/kBTdV. (12.9)

The replacement of the sum in Eq. (12.7) by an integral enables the inclusion of all volumes,
but at the expense of generating a partition function that has the dimensions of volume.
Consequently, this partition function must be rendered dimensionless through division by
some constant “quantum” of volume denoted by v0 Eq. (12.9). Note that the original, and
formally correct, partition function in Eq. (12.7) is dimensionless. Therefore, Eq. (12.9),
which approximates Eq. (12.7) via the replacement of the summation by an integral, must
also be dimensionless. Partition functions, which by definition are pure numbers i.e., sums
over states, are related to thermodynamic potentials via a logarithm and so should not
have dimensions. The constant v0, however, cancels out when determining the ensemble
average of a given variable and so need not be specified.
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The Eq. (12.9) permits to state that the partition function of the NPT ensemble just is
the Laplace transform of the partition function of the corresponding canonical ensemble.
Thermodynamic properties of the NPT ensemble follow from common thermodynamic
formula, it is necessary just to substitute G by the partition function given in Eq. (12.8).
One example refers to the calculation of the average volume of the system described by
the NPT ensemble,

V = −
(

∂ln∆
∂βP

)∣∣∣∣
β,N

. (12.10)

Exercise 12.1 Show that < H2 > − < H >2= kBT2CP in an NPT ensemble. Here
H = U + PV is enthalpy and CP = (∂ < H > /∂T)|N,P is the heat capacity at constant
pressure.

Answer: In the isothermal-isobaric ensemble the partition function is given by,

∆ = ∑
V

∑
j

e−βEj−βPV , (12.11)

where E′
js represents the energies of the system at a given volume V. Multiplying both

sides of Eq. (12.11) by H = U + PV, we obtain,

H∆ = ∑
V,j

(Uj + PV)e−βEj−βPV . (12.12)

This allows us to take the temperature derivative at constant N and P, as follows,

(
∂H
∂T

)
N,P

∆ + H

(
1

kBT2 ∑
V,j

(Uj + PV)e−βEj−βPV

)
=

1
kBT2 ∑

V,j
(Uj + PV)2e−βEj−βPV ,

(12.13)

next, dividing through by the partition function ∆, we get,

(
∂H
∂T

)
N,P

+
1

kBT2 H

(
∑V,j(Uj + PV)e−βEj−βPV

)
∆︸ ︷︷ ︸
H

=
1

kBT2

∑V,j(Uj + PV)2e−βEj−βPV

∆︸ ︷︷ ︸
H2

,

(12.14)

this leads to the following relationship,

H2 − H2
= kBT2

(
∂H
∂T

)
N,P

, (12.15)

since
(

∂H
∂T

)
N,P

= Cp, we have,

H2 − H2
= kBT2Cp. (12.16)

■

12.2 Classical mechanical limit

Frequently, some or all of the degrees of freedom of a system of particles can be considered
in the framework of classical mechanics. This happens if the spacing between neighboring
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energy levels is very small comparing to kBT or in other words, the energy spectrum is
continuum. Therefore, we would like to study how to make conversion of the concepts
considered in previous chapters to classical mechanics.

To begin with, let us introduce the probability, PE,δE that an isothermal system has
energy in the interval between E and E + δE, with δE infinitesimal. The probability is,

PE,δE =
1

QN

iup

∑
ilow

e−βEi , (12.17)

where ilow and iup are the numbers delimiting the energy interval in question, E < Ei <
E + δE. As it was mentioned, the interval is small, so we can write the expression above
in terms of the number of states in the interval, W(E;δE),

PE,δE =
1

QN
W(E;δE)e−βE. (12.18)

Consider now the same situation from the point of view of classical mechanics. The
state of the system is determined by specifying the coordinates and momenta of all
the particles, i.e. r1, r2, .., rN and p1,p2, ..,pN . The energy, or equivalently the classical
Hamiltonian of the system, H, is a continuous function of the coordinates and momenta.
At the beginning of the course, we have noted already that for each pair of the variables q
and p the number of quantum states in the (dqdp) element of the classical phase space is,

1
h

dqdp. (12.19)

Therefore, the number of quantum states in the interval H and H + δH for a classical
system of N particles is proportional to,

1
h3N d3r1...d3rNd3 p1..d3 pN . (12.20)

However, there is one more difference in counting states in quantum and classical me-
chanics. In quantum mechanics, the states differing only by permutation of mechanically
identical particles are not distinct states. Therefore, to avoid over-counting of states in clas-
sical mechanics, to conform with quantum mechanics, one should modify the expression
above dividing it by N!. Hence, the so-called correspondence principle can be formulated
as follows,

1
QN

W(E;δE)e−βE → 1
QN

e−βH

N!h3N d3r1..d3 pN ≡ PN(r1, ..,pN)d3r1...d3rNd3 p1..d3 pN , (12.21)

where PN(r1, r2, ..,pN)d3r1...d3rNd3 p1..d3 pN is the probability to find N particles in the
interval of coordinates and momenta ri, ri + dri and pi,pi + dpi and PN(r1, r2, ..,pN) is the
probability density. If the r.h.s. of equation above is valid, we say that the system obeys
classical mechanics and Boltzmann statistics.

Normalization condition for the probability density,∫
...
∫

d3r1...d3rNd3 p1..d3 pN PN(r1, ..,pN) = 1, (12.22)

immediately leads to the expression for the partition function of the classical system,

QN(V, T) =
1

N!h3N

∫
...
∫

d3r1...d3rNd3 p1..d3 pNe−βH. (12.23)

In general, the Hamiltonian of the classical system of N particles is the sum of kinetic
and potential energy,

H = ∑
i

p2
i

2mi
+ UN(r1, .., rN). (12.24)
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Then the partition function can be written as follows,

QN(V, T) =
1

N!h3N

∫
...
∫

d3 p1...d3 pNe−β ∑i
p2

i
2mi

∫
...
∫

d3r1...d3rNe−βUN(r1,..,rN)

=
1

N!

(
2πmikBT

h2

)3N/2 ∫
...
∫

d3r1...d3rNe−βUN(r1,..,rN). (12.25)

If the system is ideal, UN(r1, .., rN) = 0, we obtain the partition function of a classical ideal
gas described by canonical ensemble,

Qid
N = VN

(
2πmikBT

h2

)3N/2

. (12.26)

Then, general expression for a non-ideal fluid system takes the form,

QN(V, T) = Qid
NZN(V, T), (12.27)

where,

ZN(V, T) =
1

VN

∫
...
∫

d3r1...d3rNe−βUN(r1,..,rN), (12.28)

is called as the configurational partition function because it comes from configurations of
particles determined by the inter-particle interactions.

There exists one additional peculiarity while counting states within classical statistics.
If our system is a classical solid, the particles are distinguishable because they can be
identified by the coordinates of the lattice sites they occupy. In consequence, it is not
necessary to introduce the factor 1/N! into the expression for the corresponding partition
function. We will illustrate slightly below. Prior doing that, let us just comment the
following issue. In many circumstances some of the degrees of freedom of every molecule,
for example the ones describing translational and rotational motion, behave classically,
whereas other degrees of freedom, like vibrational motion and electronic degrees of
freedom, require quantum mechanical description. It is then assumed that the Hamiltonian
consists of two independent parts. For example H(1) is chosen to represent the classical
mechanical degrees of freedom and is assumed to be independent on H(2) that describes
the quantum mechanical degrees of freedom. Then the partition function should be
written and calculated as the product of two contributions,

QN(V, T) =

(
∑

i
e−βE(2)

i

)
× 1

N!h3N

∫
...
∫

d3q1...d3qNd3 p1...d3 pNe−βH(1)
, (12.29)

where N should correspond to the number of classical degrees of freedom.
Now, let us illustrate the correspondence principle for the correct counting of states

upon considering classical and quantum partition functions for a solid. Specifically what
we like to do is to find the expression for the coefficient CN that enters the relation,

∑
i

e−βEi → CN

∫
...
∫

d3q1...d3qNd3 p1...d3 pNe−βH, (12.30)

by considering the so-called Einstein’s model for a solid.
This model for a solid involves a set of N independent, identical but distinguishable

three-dimensional harmonic oscillators such that the Hamiltonian of the problem is,

H =
N

∑
i=1

p2
i

2m
+

N

∑
i=1

λ

2
(ri − Ri)

2, (12.31)

where Ri gives a set coordinates of lattice sites.
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The quantum mechanical partition function for the problem in question can be obtained
because the energy levels of a single quantum harmonic oscillator are available from
Eq. (8.55). The partition function is just the product for the sum over states of independent
oscillators, say a quantum ideal gas without any relevance to the coordinate space, and
explicitly is given in the form,

∑
i

e−βEi =
∞

∑
ν1=0

...
∞

∑
ν3N=0

exp
[
− h̄ω

kBT
(ν1 + 1/2)

]
... exp

[
− h̄ω

kBT
(ν3N + 1/2)

]

=
exp

[
− 3Nh̄ω

2kBT

]
(

1 − exp[− h̄ω
kBT ]

)3N . (12.32)

The frequency of each oscillator is ω = (λ/m)1/2. On the other hand, a part of the partition
function (without integration over coordinates) coming from the kinetic energy of an ideal
gas of classical oscillators is,∫

...
∫

d3 p1...d3 pNe−βH =
[
(2πkBT)2

(m
λ

)]3N/2
. (12.33)

Thus,(
exp[− h̄ω

2kBT ]

(1 − exp[− h̄ω
kBT ])

)3N

→ CN

[
(2πkBT)

(m
λ

)1/2
]3N

. (12.34)

The l.h.s. of this expression should tend to the classical result in the limit of high tempera-
ture or in other words when h̄ω/kBT becomes small (this issue has been discussed in the
chapter concerned with the applicability of either quantum or classical treatment of the
system in terms of degeneracy temperature). Thus, we perform Taylor expansion of the
terms on the l.h.s. to arrive at,[

kBT
h̄ω

(1 − 1
24

(
h̄ω

kBT
)2 + ...)

]3N

→ CN

[
(2πkBT)

(m
λ

)1/2
]3N

. (12.35)

In consequence,

CN =
1

h3N , (12.36)

in agreement with our discussion of the correspondence principle in this subsection above.

Exercise 12.2 Show that 1/24 is the correct multiplier in the expansion. ■

Exercise 12.3 Write down equations describing thermodynamic properties of a system
described by microcanonical ensemble. ■



13. Boltzmann statistics

13.1 The Boltzmann statistics

In the previous chapters, cf. chapter 10, we have given the expressions for the probability
distribution function and for the partition function of the system described by canonical
ensemble (NVT) by using Boltzmann statistics. A more detailed description is provided
below with examination of the properties of ideal gas.

Let us start from generalities. Namely, consider an ideal gas of identical particles. Let
the system of N particles is in a specific quantum state, {j}, described by a set of numbers
(j1, j2, ..., jN). Then the energy of the system in such state is,

E{j} = ε1j1 + ... + εNjN =
N

∑
i=1

ε iji , (13.1)

where ε iji is the energy if the i-th particle in one-particle quantum state ji. According to
the definition of the partition function, we have,

QN(V, T) = ∑
{j}

exp

{
−β

N

∑
i=1

ε iji

}
, (13.2)

where the summation over Boltzmann multipliers (the first sum in the r.h.s.) is performed
over all distinct quantum states. How this summation applies? The particles of an ideal
gas are non-interacting, thus one might expect that the summation over quantum states of
the entire system can be performed independently, i.e. over one-particle states,

QN(V, T) =

(
∑
j1

exp{−βε1j1}
)
× ... ×

(
∑
jN

exp{−βεNjN}
)
=

N

∏
i=1

qi, (13.3)

where qi is the partition function of a single particle i. Two important comments at this
point are the following:

1) If the particles were not identical (i.e. possessing certain different labels) they would
be distinguishable and consequently Eq. (13.3) for QN would be correct.

2) However, if the particles are identical, they are indistinguishable according to
quantum mechanics. As a result, the quantum states that differ only by the interchange
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of identical particles among the same set of one-particle energy states are identical or in
other words are not distinct.

Consequently, the product in the form qN overestimates the partition function QN ,
because non-distinct quantum states are included in qN .

■ Example 13.1 Assume that we have a system of two identical particles 1 and 2 in which
there are only two one-particle states a and b. Introduce notation, ε i,a and ε i,b with i = 1,2
for the energy states of particles. According to Eq. (13.2), the partition function is,

Q2 = exp{−β(ε1,a + ε2,a)}+ exp{−β(ε1,b + ε2,b)}+ exp{−β(ε1,a + ε2,b)}. (13.4)

The term with ε1,b + ε2,a does not appear because it yields the state identical to ε1,a + ε2,b.
However, the product,

q2 = exp{−β(ε1,a + ε2,a)}+ exp{−β(ε1,b + ε2,b)}
+exp{−β(ε1,a + ε2,b)}+ exp{−β(ε1,b + ε2,a)} > Q2.

(13.5)

In general, evaluation of QN will be a difficult procedure of assessing each state for
indistinguishability. As we discussed in the previous chapter 12, QN can be adequately
approximated by,

QN =
1

N!
qN , (13.6)

for macroscopic systems such as gases or liquids at not very low temperature. Actually,
N! corresponds to the number of ways N particles can be permuted among all different
one-particle states. We would like to note that if Eq. (13.6) is valid, we say that the system
obeys Boltzmann or classical statistics. ■

Comment: In the following applications we would require generalization of Eq. (13.6)
for mixtures. Denote a as the species index and the number of components as M,

M

∑
a=1

Na = N. (13.7)

The partition function of the system then is,

QN =
M

∏
a=1

1
Na!

qNa
a , (13.8)

where qa is the one-particle partition function belonging to species a.
Return now to a one-component gas, but assume that molecules have internal structure.

The translational motion of the center of mass of the molecules is always independent of
the internal degrees of freedom. We have seen one example already in chapter 9 while
studying the form of kinetic energy of the diatomic molecule. With such decoupling, we
can formally write down the partition function of a molecule as q = qtrqint, where the
second multiplier is the partition function corresponding to the internal degrees of freedom
(rotational, vibrational, nuclear and electronic). The partition function of internal degrees
of freedom depends on temperature but does not depend on volume. The translational
motion is well described by classical mechanics. Then, integrating kinetic energy of the
center of mass, according to the definition of the partition function it is easy to obtain the
one-particle result as,

q(tr) =
(

2πmkBT
h2

)3/2

V, (13.9)

where m is the molecular mass. Recall that A =−kBT ln QN , cf. Eq. (10.65). Then, applying
Eq. (13.6) and the result above, one arrives at the equation of state of ideal gas,

P = −
(

∂A
∂V

)
= N

(
∂ lnqtr

∂V

)
=

NkBT
V

. (13.10)
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In addition, the chemical potential can be found from,

µ =

(
∂A
∂N

)
= kBT ln

(
N
V

)
+ µ∗(T), (13.11)

where

µ∗(T) = −kBT ln

[
qint(T)

(
2πmkBT

h2

)3/2
]

. (13.12)

It is of interest to explore conditions under which Boltzmann statistics holds. In other
words, we would like to extract physical information from the presence of the multiplier
1/N! in Eq. (13.6). As we have mentioned slightly above, this multiplier provides correct
counting of states in the situation in which individual particles are in different one-particle
energetic states. The probability that a particle is in the state with energy ε is proportional
to exp(−βε). If energy is big, the probability is quite low. On the other hand, if ε by value
is below or near kBT the states can be termed as ”easily accessible” because the probability
is higher than in former situation. Therefore, if Φ(ε) denotes the number of quantum
states with energy less and equal to ε, it is sufficient to require

N << Φ(ε = kBT). (13.13)

We will have then, that the occupation of a single-particle level is below and permutations
of identical particles are properly accounted for, because all N particles are almost surely
in different quantum states. One can obtain a lower bound for Φ(ε) by considering only
the translational motion. The presence of internal energy states would only strengthen the
inequality above. The translational energy levels of a particle in a cubic box are determined
by,

ε =
h2

8mV2/3 (n
2
x + n2

y + n2
z), (13.14)

where nx,ny and nz are positive integers. Thus, we can define a sphere in three dimensions
with the radius Rε,

R2
ε = n2

x + n2
y + n2

z =
8mV2/3

h2 ε, (13.15)

and calculate the number of quantum states with energy between 0 and ε,

Φ(ε) =
1
8

(
4
3

πR3
ε

)
=

π

6

(
8mε

h2

)3/2

V. (13.16)

Hence, the condition of validity of Boltzmann statistics given by Eq. (13.13) can be ex-
pressed as follows,

N
V

λ3 << 1, (13.17)

where λ is the de Broglie thermal wavelength, λ = h/
√

2πmkBT. Note, that the factor
of the order of unity has been omitted upon transformation above. Our result means
that Boltzmann statistics is valid, if the de Broglie thermal wavelength is much smaller
than the average distance between particles or in other words matter would behave as
discrete particles instead of overlapping waves. Also, it is worth mentioning that the
condition given by Eq. (13.17) is equivalent to what we have obtained using different
arguments in chapter 7, see Eq. (7.9). In addition, it appears that if temperature is very
low and the system to study is composed of very light particles, e.g. electrons, one should
develop alternatives to Eq. (13.6) of this chapter. These developments lead to Fermi-Dirac
or Bose-Einstein statistics which we will consider in following chapters.
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13.2 Partition function and thermodynamic properties of monoatomic gases
The energy of a single monoatomic particle of an ideal gas can be written as a sum of
different contributions,

ε = ε(n) + ε(el) + ε(tr), (13.18)

that denote the nuclear, electronic and translational energy of the particle. According to
quantum mechanical calculations [20, 21], the spacing between nuclear energy ground
state and the first excited state is very big. Thus, for fluids under study, it is assumed
that the particles remain mostly in their ground state. Then to a good approximation, the
electronic and nuclear states can be considered as independent [2]. Thus, the one-particle
partition function is,

q = q(tr)q(n)q(el), (13.19)

where

q(tr) =
∞

∑
nx=1

∞

∑
ny=1

∞

∑
nz=1

exp
{
− βh2

8mV2/3

(
n2

x + n2
y + n2

z

)}
, (13.20)

and

q(n) = ∑
(nuclear)

e−βε
(n)
i ; q(el) = ∑

(electronic)
e−βε

(e)
i . (13.21)

Quantum states are often degenerate, i.e. more than one state can have the same
energy. Let introduce notation for the degeneracy of the state with energy ε i as wi. Then,
the nuclear and electronic contributions to the partition function (q(n) and q(el)) can be
written as,

q(n) = ∑
energy levels

wnie−βε
(n)
i = e−βε

(n)
1 ∑

energy levels
wnie−β∆ε

(n)
i , (13.22)

and,

q(el) = ∑
energy levels

weie−βε
(e)
i = e−βε

(e)
1 ∑

energy levels
weie−β∆ε

(e)
i , (13.23)

with the notation ∆ε i ≡ ε i − ε1 both for nuclear and electronic terms.
By convention, the energy of the ground state for nuclei is taken as reference, i.e.

ε
(n)
1 = 0. On the other hand, as it was mentioned above in the discussion of Eq. (13.19), the

values of ε
(n)
i /kB for i > 1 are of the order of 109 to 1010K [2]. Then e−βε

(n)
i ≈ 0 for i > 1 and

consequently,

q(n) = wn1, (13.24)

provides a very good approximation. Concerning the electronic contribution to the
partition function, we would like to make the following comments. It has been established
that ∆ε

(e)
i for i > 1 often is much greater than unity. Then, a quite good approximation for

q(el) is,

q(el) = we1e−βε
(e)
1 . (13.25)

In the case one needs better accuracy for high temperature of the order 103K, the first two
terms in Eq. (13.23) should be kept,

q(el) =
[
we1 + we2e−β∆ε

(e)
2

]
e−βε

(e)
1 . (13.26)
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Pertinent parameters, necessary to apply in Eq. (13.26), follow from the analysis of optical
spectra and are given in Ref. [22]. These data are frequently used to justify calculations of
the partition function of electronic degrees of freedom [2, 7].

Finally, the contribution coming from translational motion is obtained as described
in chapter 9, see Eqs. (13.10)- (13.14), to obtain our expression given above in Eq. (13.9).
With these results for the partition function of a single monoatomic particle, the partition
function for a gas can be written as,

Q=
1

N!
qN =

1
N!

(q(tr)q(n)q(el))N =
(wn1q(el))N

N!

(
2πmkBT

h2

)3N/2

VN , (13.27)

where q(el) is given either by Eq. (13.25) or Eq. (13.26). Then, the expressions for a set
of thermodynamic properties follow straightforwardly. While writing the free energy,
A = −kBT ln QN , explicitly we use Stirling approximation N! = (N/e)N and Eq. (13.26)
for the electronic term. Then,

A = A(tr)A(el)A(n) = −NkBT ln

[(
2πmkBT

h2

)3/2

e
V
N

]
−NkBT ln

{[
we1 + we2e−β∆ε

(e)
2

]
e−βε

(e)
1

}
− NkBT lnwn1.

(13.28)

The entropy of the system follows from S = −( ∂A
∂T )|N,V , next the internal energy is U =

A + TS, and finally the heat capacity at constant volume comes out as,

CV =
3
2

NkB +
N

kBT2 (we1we2)(∆ε
(e)
2 )2 e−∆ε

(e)
2 /kBT

[we1 + we2e−∆ε
(e)
2 /kBT]2

. (13.29)

The nuclear states contribute to the free energy and entropy due to the degeneracy of
the ground state. They do not contribute to the constant volume heat capacity however.
The equation of state results from the expression for the free energy in Eq. (13.28), P =
−( ∂A

∂V )|N,T,

P =
NkBT

V
, (13.30)

showing that the internal states of the particles of a gas do not contribute into pressure.
It is of interest to explore the case of Boltzmann statistics for a mixture of ideal gases.

The partition function for such a case is given by Eq. (13.8). Having in mind that the
equation of state is P = ∑

a
NakBT/V, let us write down the free energy of a mixture of

gases as,

A = −kBT
M

∑
a=1

ln

(
qNa

a

Na!

)
= −kBT

M

∑
a=1

ln

(
q̃Na

a VNa eNa

NNa
a

)

= −kBT
M

∑
a=1

ln

(
q̃Na

a NNa(kBT)Na eNa

NNa
a PNa

)

= −kBT
M

∑
a=1

ln

(
q̃Na

a (kBT)Na eNa

PNa

)
+ kBT

M

∑
a=1

Na ln
(

Na

N

)

=
M

∑
a=1

Aa(Na, P, T) + kBT
M

∑
a=1

Na ln
(

Na

N

)
. (13.31)

The first term, Aa(Na, P, T), is the contribution of each species into the free energy of the
system whereas the second term,

Amix = kBT
M

∑
a=1

Na ln
(

Na

N

)
, (13.32)
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is the Helmholtz free energy of mixing given in terms of the system’s composition, i.e. of
species concentrations Na/N. Then, the entropy and mixing term of entropy are obtained
from the derivative of free energy,

S =
M

∑
a=1

Sa(Na, P, T) + Smix, (13.33)

where,

Smix = −kB

M

∑
a=1

Na ln
(

Na

N

)
. (13.34)

The mixing entropy is positive because the logarithms in the r.h.s. are negative. Finally,
it is straightforward to see that mixing of species does not contribute into the internal
energy.

13.3 Polyatomic gases
Now, we would like to study a more complex system, namely a gas of polyatomic
molecules. For simplicity, it is assumed that only the grand state of nuclear and elec-
tronic energies contribute to the partition function. Moreover, we restrict attention to the
case when the translational center of mass motion as well as the rotational and vibrational
motions are independent of one another. Then the partition function of a single molecule
has the form,

q = q(n)q(el)q(tr)q(rot)q(vib), (13.35)

where the multipliers from left to right refer to nuclear, electronic, translational, rotational
and vibrational partition functions, respectively. The first three of them are known from
previous analyses, with approximations applied they are,

q(n) = wn1; q(el) = we1e−εe
1/kBT; q(tr) =

(
2πmkBT

h2

)3/2

V. (13.36)

Often, the description of rotational and sometimes of vibrational motions can be given
adequately using classical mechanics. Explore this version of the procedure. We start
from the Hamiltonian for the diatomic molecule considered in chapter 9, H(rot) = 1

2 Iω2 =
1
2 I(θ̇2 + sin2θφ̇2). According to the Hamilton equations of motion,

pθ =
∂H(rot)

∂θ̇
= Iθ̇, pφ =

∂H(rot)

∂φ̇
= Isin2θφ̇, (13.37)

such that,

H(rot) =
p2

θ

2I
+

p2
φ

2Isin2θ
. (13.38)

Then the rotational partition function for a single particle is,

q(rot) =
1

σh2

∞∫
−∞

∞∫
−∞

dpθdpφ

π∫
0

dθ

2π∫
0

dφ exp{−H(rot)/kBT} = 8π2 IkBT
σh2 . (13.39)

The factor 1/h results from each pair of variables (θ, pθ and φ, pφ ). On the other hand, the
factor σ comes out from ”degeneracy” of the molecule: σ = 1, if the diatomic molecule
is heteronuclear and σ = 2, if the molecule is homonuclear. Eq. (13.39) gives the classical
rotational partition function of any linear polyatomic molecule, just remember that the
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effect of vibrations on the momentum of inertia has been neglected, i.e. the rotational and
vibrational motion are decoupled.

In the case of a nonlinear polyatomic molecule, the Hamiltonian of rotations is more
complicated, then three Euler angles are involved to perform integrations over relevant
variables. Details can be found in Ref. [7] and the references therein. The final form of the
rotational partition function for such particle is,

q(rot) =
(π IA IB IC)

1/2

σ

(
8π2kBT

h2

)3/2

, (13.40)

where IA, IB and IC are the principal momenta of inertia of the molecule in question. In
addition, in such a case σ is the number of identical configurations attained by the rotation
of the molecule w.r.t. its center of mass, e.g. σ = 12 for benzene molecule.

Now, let us proceed to the description of calculation of the vibrational partition func-
tion. As we have seen already (see chapter 9) the classical mechanical vibrational energy
for a diatomic molecule is,

H(vib) =
p2

2mr
+

λx2

2
+ u0, (13.41)

where mr is the reduced mass of the molecule, the coordinate x is the deviation of instant
position of atoms w.r.t. the center of mass (see Eq. (9.10)). The classical mechanical
vibrational partition function then is,

q(vib) =
1
h

∞∫
−∞

∞∫
−∞

dxdp exp{−H(vib)/kBT} = 2πkBT
h

(mr

λ

)1/2
e−u0/kBT. (13.42)

Concerning more complex molecules, it is worth mentioning that the vibrational motions
can be quite well approximated as small displacements from the lowest energy configura-
tions. Then, the classical vibrational energy can be well described as a system of coupled
harmonic oscillators. Therefore, one needs to apply certain appropriate coordinate trans-
formation (diagonalization of the matrix, see any linear algebra textbook) to convert the
Hamiltonian of nv coupled harmonic oscillators into the form,

H(vib) =
nv

∑
i=1

[
p2

i
2mi

+
λiξ

2
i

2

]
+ u0, (13.43)

where the parameters refer to each oscillator. With such transformed Hamiltonian, the
vibrational one-particle partition function is,

q(vib) =
e−u0/kBT

hnv

∞∫
−∞

...
∞∫

−∞

dξidpi

nv

∏
i=1

exp
{
−
(

p2
i

2mi
+

λiξ
2
i

2

)
/kBT

}
,

=

(
2πkBT

h

)nv nv

∏
i=1

(
mi

λi

)1/2

e−u0/kBT, (13.44)

where nv corresponds to the number of vibrational degrees of freedom of the molecule.
Recall, that if the molecule consists of na atoms, the number of vibrational modes is
nv = 3na − 5 for a linear molecule and nv = 3na − 6 for a nonlinear molecule.

Now, to summarize the developments above, we are able to write down the partition
function for a polyatomic molecule and next the Helmholtz free energy of an ideal gas of
polyatomic molecules,

QN =

(
q(t)rq(n)q(e)lq(rot)q(vib)

)N

N!
, (13.45)
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and

A =A(tr) + A(n) + A(el) + A(rot) + A(vib),

=− NkBT ln

[(
2πMkBT

h2

)3/2

e
V
N

]
− NkBT lnwn1 − NkBT lnwe1 + Nεe

1

− NkBT ln
(

8π2 IkBT
σh2

)
− NkBT ln

[(
2πkBT

h

)nv nv

∏
i=1

(
mi

λi

)1/2
]
+ Nu0. (13.46)

With this expression, the entropy follows from S = −(∂A/∂T)|N,V and next, the internal
energy is obtained from U = A + TS,

U =U(tr) + U(n) + U(el) + U(rot) + U(vib),

=
3
2

NkBT + Nεe
1 + NkBT + nvNkBT + u0. (13.47)

where we restricted to Eq. (13.39) for the rotational partition function only, generalized
form given by Eq. (13.40) can be used as well. The result above in Eq. (13.47) illustrates
the so-called equipartition theorem of classical statistical mechanics. Namely, each of
translational and rotational degrees of freedom yield the kBT/2 contribution to the internal
energy whereas each vibrational mode makes the kBT contribution.

Finally, it is obvious that the translational contribution to the constant volume heat ca-
pacity is C(tr)

V = 3NkB/2, and other contributions are: C(rot)
V = NkB (for diatomic molecules)

or C(rot)
V = 3NkB/2 (for polyatomic molecules). Finally, the term coming from vibrations,

C(vib)
V , is given by NkB multiplied by either 3na − 5 or 3na − 6, dependent on the molecular

structure, linear or nonlinear. After analyses of the rotational and vibrational partition
functions within classical mechanics, we proceed in the next chapter to the quantum
mechanics counterpart of the procedure.



14. Rotational and vibrational partition functions

14.1 Rotational and vibrational partition functions

The quantum mechanical form of the rotational partition function for a single particle is,

q(rot) =
∞

∑
l=0

l

∑
m=−l

e

[
−l(l+1) h2

8π2 IkBT

]
=

∞

∑
l=0

(2l + 1)e−l(l+1)Θr/T, (14.1)

where the energy eigenvalues have been taken from Eq. (8.35) and the notation Θr =
h2/8π2 IkB denotes the characteristic rotational energy in temperature units.

The rotational partition function can be calculated only approximately. If Θr/T << 1,
in fact it is a high temperature approximation, the sum in Eq. (14.1) can be approximated
by an integral (take x = l(l + 1)),

q(rot) ≈
∞∫

0

e−xΘr/Tdx =
T

Θr
=

8π2 IkBT
h2 . (14.2)

This result is the classical mechanical approximation, as expected. It is worth noting that
for homonuclear diatomic molecule, the classical rotational partition function becomes,
q(rot) = Θr/2T, where the factor of 2 accounts for the degeneracy of the molecule with
respect to the interchange of indistinguishable atoms. However, the quantization of the
rotational energy levels for linear molecules even with small momentum of inertia is not
sufficiently fine for a summation replaced by integral.

Wider applicability has the result in the form of the expansion into series in terms of
Θr/T (if Θr/T < 1), it is a so-called Mulholland partition function,

q(rot) ≈ (T/Θr)

{
1 +

1
3

(
Θr

T

)
+

1
15

(
Θr

T

)2

+
4

315

(
Θr

T

)3

+ · · ·
}

. (14.3)

This approximation leads to quite accurate results as witnessed in the scientific literature,
see entry ”Mulholland partition function” on internet. On the basis of the results obtained
from spectroscopy experiments, one can conclude that the classical mechanical approx-
imation is accurate for most molecules except at rather low temperatures. The worst
case is the hydrogen molecule which is characterized by Θr = 85.4K. For this molecule at
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room temperature, the quantum effects yield about 10 percent correction to the classical
mechanical partition function.

The quantum mechanical vibrational partition function can be evaluated straightfor-
wardly. For diatomic molecule it is,

q(vib) = e−u0/kBT
∞

∑
ν=0

exp
{
− h̄ω

kBT
(ν +

1
2
)

}
=

e−(u0+
1
2 h̄ω)/kBT

[1 − exp(− h̄ω
kBT )]

= e−u0/kBT exp(−Θv
2T )[

1 − exp(−Θv
T )
] , (14.4)

where the geometric series ∑∞
ν=0 xν = 1/(1 − x), was used. Here, Θv is the characteristic

vibrational energy in temperature units,

Θv ≡ h̄ω/kB. (14.5)

In the high temperature approximation, Θv/T << 1, the result above leads to the limiting
value,

q(vib) ≈ e−u0/kBT exp
(
−Θv

2T

)(
T

Θv

)
. (14.6)

This expression differs from the classical mchanical result in that the energy term u0 +
1
2 h̄ω

replaces the classical reference energy u0 in the partition function. This discrepancy arises
because the lowest quantum mechanical energy of a harmonic oscillator is h̄ω/2. As a
consequence, the classical mechanical expression in Eq. (13.42) is not adequate, because
within the classical consideration there are no means to include the lowest quantum state
energy.

To conclude, we refer to the Table 14.1 that gives values of parameters Θr, Θv, as well
as r0 and u0 for different molecules, all these data follow from spectroscopic measurements.
Inspecting the numbers in the Table 14.1, one can make conclusions about the range of
temperatures within which approximations given in the previous and this chapter are valid.
It becomes evident that rotational motion can be approximated by the classical mechanical
result under several circumstances. In contrast, vibrational motion requires quantum
mechanical treatment, unless very high temperatures are considered. In Table 14.1 force
constants for several diatomic molecules are presented.

Table 14.1: Parameters for some diatomic molecules∗.

Molecule Θv (K) Θr (K) u0 (eV)
H2 6210 85.300 4.454
O2 2256 2.070 5.080
NO 2719 2.450 5.290
HBr 3787 12.020 3.600
Cl2 808 0.351 2.480
HCl 4140 51.2 4.43

∗These parameters were obtained from a variety of sources.

Now, we would like to provide expressions describing the contribution of vibrations
into thermodynamic properties of a gas of polyatomic molecules, using quantum mechan-
ical result for q(vib). The free energy, following from Eq. (14.4) is,

A(vib) = N
{

u0 +
1
2

kBΘv + kBT ln(1 − e−Θv/T)

}
. (14.7)

Then, the entropy and the internal energy follow from thermodynamic relations,

S(vib) = NkB

{
− ln(1 − e−Θv/T) +

Θv/T
eΘv/T − 1

}
, (14.8)
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and

U(vib) = N
{

u0 +
1
2

kBΘv +
kBΘv

eΘv/T − 1

}
. (14.9)

Finally, the constant volume heat capacity that comes from vibrations is,

C(vib)
V /NkB =

(Θv/T)2eΘv/T

(eΘv/T − 1)2 . (14.10)

This result requires analysis of its temperature dependence. In the low temperature limit,
i.e. T/Θv → 0 or Θv/T → ∞, C(vib)

V /NkB tends to zero as (Θv/T)2exp( − Θv/T). On the
other hand, in the high temperature limit T/Θv → ∞ or Θv/T → 0, C(vib)

V /NkB → 1.
One can combine these conclusions with the results for constant volume heat capacity

coming from translational motion and from rotational motion, described in the last para-
graph of chapter 13. Thus, one would expect to obtain plateaus corresponding to 3/2, 5/2
and 7/2 at certain temperature intervals for CV/NkB (for the total heat capacity). This is
precisely, what the experimental observations provide, see the Fig. 14.1 below.
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Fig. 14.1: Heat capacity at constant volume of a dilute gas of HCl predicted using spectro-
scopic measurements. The characteristic rotational and vibrational temperatures, Θr and
Θv are taken from Table 14.1. Reproduced from Ref. [2].

The description of vibrational motion of molecules is intrinsically required for the
modelling of solids and the study of thermodynamic properties of this kind of systems.

14.2 Elements of statistical thermodynamics of ideal solids
Let us begin with the precise definition of the system of our study in this subsection.
Define an ideal solid as a system of N particles that are assigned to the vicinity of sites
fixed in space at coordinates R1, ...,RN , The particles can be identical or different, but are
distinguishable because they are attributed to the locations of particular lattice sites. The
potential energy of the system UN(r1, ..., rN) attains minimum when all the particles are
at the coordinates of lattice sites, i.e. UN(r1, ..., rN) > UN(R1, ...,RN). The potential energy
of this latter configuration of particles UN(R1, ...,RN), is denoted as U(0)

N . Moreover, it is
assumed that the particles are sufficiently tightly bound to their respective sites, such
that one can apply expansion into Taylor series about the minimum energy configuration
and without loss of accuracy truncate the series after second order term in terms of the
displacements ri − Ri of particles from the coordinates of lattice sites.
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Let ξ1, ...,ξ3N denote the Cartesian coordinates of particles relative to the lattice sites,
i.e. ξ = r1x − R1x, ...,ξ3N = rNz − RNz. So, the starting point of our consideration is the
classical Hamiltonian,

H =
3N

∑
i=1

1
2

mi ξ̇
2
i +

1
2

3N

∑
i,j

aijξiξ j + U(0)
N , (14.11)

where the first term yields the kinetic energy, mi is the mass associated with the coordinate,
ξi, and,

aij =

(
∂2UN

∂ξ j∂ξ j

)∣∣∣∣
rN=RN

. (14.12)

The matrix with the elements aij we deal with is symmetric, i.e. aij = aji. There exists an
orthogonal transformation (linear transformation) of the initial coordinates, ξ1, ..., ξ3N , into
another set of coordinates ζ1, ...,ζ3N ,

ζi =
3N

∑
i=j

αijξ j, (14.13)

in terms of which the starting Hamiltonian, or better say the potential energy term of the
Hamiltonian, becomes diagonal, i.e.

H =
3N

∑
i=1

1
2
[
mζ̇2

i + λiζ
2
i
]
+ U(0)

N , (14.14)

where m is certain reference atom mass. So what we are dealing with is a set of oscillators
described classically.

Comment: A more detailed description of the diagonalization procedure is given in
the supplement to this Lecture.

The term describing the kinetic energy in Eq. (14.14) can be written in the form familiar
for us by using the definition of momenta, pi = mζ̇i. Then, the classical partition function
can be evaluated,

QN = e−U(0)
N /kBT 1

h3N

∞∫
−∞

...
∞∫

−∞

dp1...dp3Ndζ1...dζ3N exp

{
−

3N

∑
i=1

(
p2

i
2m

+
1
2

λiζ
2
i

)
/kBT

}

=

(
2πkBT

h

)3N 3N

∏
i=1

(
m
λi

)1/2

e−U(0)
N /kBT. (14.15)

Then, the Helmholtz free energy is,

A = −3NkBT ln
(

2πkBT
h

)
− 1

2
kBT

3N

∑
i=1

ln
(

m
λi

)
+ U(0)

N . (14.16)

The expressions for entropy and for internal energy follow straightforwardly, as we have
done in several places above. Finally, the constant volume heat capacity can be obtained,

CV = 3NkB. (14.17)

This equation corresponds to the classical approximation for the free energy and is known
as the the law of Dulong and Petit. It is an approximation and is valid only above certain
temperatures (better say high temperatures) and for certain substances. However, it is
known from experiments that all solids exhibit a decreasing heat capacity with decreasing
temperature. Thus one can conclude that predictions of the classical mechanical approach
for heat capacity are not satisfactory and as expected one should resort to quantum
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mechanical treatment. Let us consider a version of quantum mechanical considerations
and write down the Schrödinger equation for a solid in the form,

3N

∑
i=1

Hiψ + U(0)
N ψ = Eψ, (14.18)

for the Hamiltonian,

Hi = − h̄2

2mi

∂2

∂ζ2
i
+

1
2

λiζ
2
i . (14.19)

From the solution of Schrödinger equation one obtains the energy levels for each of the
3N independent harmonic oscillators,

Eiν = h̄ωi

(
ν +

1
2

)
, ν = 0,1,2, ..., (14.20)

where ωi = (λi/m)1/2. The partition function then is (recall that oscillators of the ideal
solid are assigned to distinguishable sites),

QN = e−U(0)
N /kBT

3N

∏
i=1

qi, (14.21)

qi =
∞

∑
ν=0

exp
{
−h̄ωi

(
ν +

1
2

)
/kBT

}
=

e−h̄ωi/2kBT

(1 − e−h̄ωi/kBT)
. (14.22)

Thermodynamic properties then follow straightforwardly. Again, one should write down
the partition functions, derive the Helmholtz free energy, entropy and get the internal
energy. Specifically, we are interested in the constant volume specific heat of the solid,

CV =
3N

∑
i=1

[(h̄ωi)
2/kBT2]e−h̄ωi/kBT

(1 − e−h̄ωi/kBT)2 . (14.23)

Concerning the application of this result we observe that is is necessary to have the
frequencies of oscillators, ωi. This is equivalent to the calculation of the eigenvalues
of the matrix A (see Eq. (14.12) transformed into Eq. (14.14)). The eigenvalues depend
on the type of lattice under study as well as on the parameters mi and force constants
aij. In general, the eigenvalue problem cannot be solved because of size 3N and other
complexities. The theory developed by Einstein circumvent this difficulty by assuming
that all the eigenvalues of the matrix A are equal. In other words, it is assumed that all
possible modes of oscillations are characterized by the same frequency ωE. Then, the
result for heat capacity above, can be written in a simpler and more transparent form,

CV = 3NkB

(
ΘE

T

)2 e−ΘE/T

(1 − e−ΘE/T)2 , (14.24)

where ΘE ≡ h̄ωE/kB. In the high temperature limit, ΘE/T → 0, one recovers the classical
mechanical result, 3NkB. However, the quantum mechanical procedure provides the
function that depends on temperature. Moreover, the theory of Einstein is in reasonable
agreement with experimental data as it follows from the Fig. 14.2.
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Fig. 14.2: Constant volume heat capacity of diamond as a function of the temperature. The
experimental data are compared to Einstein’s theory with ΘE = 1320 K.



15. Paramagnetic materials

15.1 Comments on magnetic materials

General comments

Paramagnetism is a form of magnetism whereby some materials are weakly ”attracted”
by an externally applied magnetic field, and form internal, induced magnetic fields in the
direction of the applied magnetic field. In contrast to this behavior, diamagnetic materials
are ”repelled” by magnetic fields and form induced magnetic fields in the direction
opposite to that of the applied magnetic field. Diamagnetism is a quantum mechanical
effect that occurs in all materials. If it is the only contribution to the magnetism, the
material is called diamagnetic.

However, other forms of magnetism (such as ferromagnetism or paramagnetism) are
so much stronger, such that when multiple different forms of magnetism are present in a
material, the diamagnetic contribution is usually negligible.

In paramagnetic and ferromagnetic substances, the weak diamagnetic ”force” is over-
come by the attractive force of magnetic dipoles in the material. The magnetic permeability
of diamagnetic materials is less than the permeability of vacuum, µ0. In most materials,
diamagnetism is a weak effect which can only be detected by sensitive laboratory instru-
ments, Interestingly, a superconductor acts as a strong diamagnetic and can be called as
perfect diamante, because it repels a magnetic field entirely from its interior.

Paramagnetic materials include most chemical elements and some compounds; they
have a relative magnetic permeability slightly greater than unity (i.e., a small positive
magnetic susceptibility) and hence are attracted to magnetic fields. The magnetic moment
induced by the applied field is linear in the field strength and rather weak.

Paramagnetism is due to the presence of unpaired electrons in the material, so most
atoms with incompletely filled atomic orbitals are paramagnetic, although exceptions such
as copper exist. Due to their spin, unpaired electrons have a magnetic dipole moment and
act like minuscule magnets. An external magnetic field causes the electrons’ spins to align
parallel to the field, causing a net attraction. Paramagnetic materials include aluminium,
oxygen, titanium, and iron oxide.

Constituent atoms or molecules of paramagnetic materials have permanent magnetic
moments (dipoles), even in the absence of an applied field. The permanent moment
generally is due to the spin of unpaired electrons in atomic or molecular electron orbitals.
In pure paramagnetism, the dipoles do not interact with one another (like ”ideal gas”) and
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are randomly oriented in the absence of an external field due to thermal motion, resulting
in zero net magnetic moment. When a magnetic field is applied, the dipoles will tend
to align with the applied field, resulting in a net magnetic moment in the direction of
the applied field. In the classical description, this alignment can be understood to occur
due to a torque being provided on the magnetic moments by an applied field, which
tries to align the dipoles parallel to the applied field. However, the true origins of the
alignment can only be understood via the quantum mechanical properties of spin and
angular momentum.

If there is sufficient energy exchange between neighbouring dipoles, they will inter-
act, and may spontaneously align or anti-align and form magnetic domains, resulting in
ferromagnetism or antiferromagnetism, respectively. Paramagnetic behavior can also be
observed in ferromagnetic materials that are above their so-called Curie temperature, and
in antiferromagnets above their Neel characteristic temperature. At these temperatures,
the thermal motion effect overcomes the interaction energy between the spins.

In general, paramagnetic effects are quite small: the magnetic susceptibility is of the
order of 10−3 to 10−5 for most paramagnets, but may be as high as 10−1 for synthetic
paramagnets such as ferrofluids.

Paramagnetism is most easily observed in the salts of some of the first row transition
metals (manganese through nickel). These metal ions have unpaired electrons in degen-
erate d orbitals and thus exhibit paramagnetism. But strong-field ligands can split the
energy levels of the d orbitals so that they are no longer degenerate. Salts of these ions
that have strong-field ligands are diamagnetic.

Water is not attracted to the magnet poles, it is diamagnetic. However, the interaction
is extremely weak, and visually noticeable effects can only be obtained using powerful
superconducting magnets. In the past, demonstrations of diamagnetism in water using
more accessible permanent magnets have been qualitative only. If a powerful magnet
(such as a supermagnet) is covered with a layer of water (that is thin compared to the
diameter of the magnet) then the field of the magnet significantly repels the water. This
causes a slight concave dimple in the water’s surface that may be seen by a reflection in
its surface. On the other hand, there are no unpaired electrons in sodium chloride, it is
diamagnetic as well.

Other relevant examples are the following: Manganese(II) sulfate monohydrate is
strongly attracted by the magnet, which shows that it is paramagnetic. Manganese ions in
manganese(II) sulfate monohydrate have five unpaired electrons. Iron(II) sulfate pentahy-
drate can be brought closer to the magnet than the manganese(II) sulfate monohydrate,
but eventually it swings toward the magnet. This compound is not as strongly paramag-
netic as the manganese(II) sulfate. Iron(II) ions have four unpaired electrons. Cobalt(II)
chloride hexahydrate can be brought closer to the poles than the iron (II) sulfate or the
manganese(II) sulfate before it swings toward the magnet. Cobalt(II) ions have three
unpaired electrons. When nickel(II) sulfate hexahydrate is brought near the poles of the
magnet, it appears to have about the same attraction as the cobalt(II) chloride, perhaps
slightly less. Nickel(II) ions have two unpaired electrons.

15.2 Statement and solution of the problem

We consider a system of N identical atoms with magnetic moment that are independent
each other. In fact, we are interested in the paramagnet consisting of a set of atoms in a
crystal lattice. Because the atoms are situated at particular positions we can tell which is
which - that is to say they are distinguishable because they are localized. The system is
subjected to an external magnetic field H. The magnetic energy of an atom is,

ε = −µµµH, (15.1)

where µµµ is the magnetic moment of an atom.
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The magnetic moment of an atom is proportional to its angular momentum kBJ, as
follows,

µµµ = gµ0J, (15.2)

where g is the g-factor and µ0 denotes the Bohr magneton, µ0 = eh̄/2mc (J is dimensionless).
If the magnetic field H is directed along the z- axis, the equations above become,

ε = −gµ0 JzH, µz = gµ0 Jz, (15.3)

where according to the laws of quantum mechanics, the z component of the angular
momentum vector takes values,

Jz = −J,−J + 1, ..., .., J − 1, J. (15.4)

The characteristic spin moment J is integer or half integer. If an external magnetic field
is applied, the degeneracy is eliminated. Schematic representation of the setup for the
two-state system is presented in Fig. 15.1.
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Fig. 15.1: Schematic representation of the setup for two-state system.

The single particle partition function of the canonical ensemble that describes magnetic
properties, with energy levels according to Eq. (15.3) is,

qm =
J

∑
m=−J

exp{gµ0mH/kBT}. (15.5)

It is convenient to introduce notation ζ = gµ0H/kBT. Using the properties of geometric
series, it is not difficult to obtain the result for the partition function in the form,

qm =
e−ζ J − eζ(J+1)

1 − eζ
. (15.6)

From, this result, if J = S = 1/2, L = 0 (J = S + L), and the definition [23],

g =
3J(J + 1) + S(S + 1)− L(L + 1)

2J(J + 1)
, (15.7)

we observe that g = 2, and then one can arrive at the partition function for the particular
case of the two-state, −1/2,1/2, system,

qm = 2cosh
(

ζ

2

)
= 2cosh

(
µ0H
kBT

)
. (15.8)
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Let us elaborate this simple case first. The internal energy of the system of N indepen-
dent momenta follows from common, and previously used, relation, U = −N∂ lnqm/∂β
(β = 1/kBT),

U = −Nµ0H tanh
(

µ0H
kBT

)
. (15.9)

Schematic dependence of internal energy on temperature and on the strength of magnetic
field is shown in panels a and b of Fig. 15.2.
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Fig. 15.2: The internal energy per spin as a function of temperature (panel a) and of the
strength of the magnetic field (panel b). In panel a, µ0H = 3 and in panel b, kBT = 5.

The magnetic contribution to the constant volume heat capacity follows from the
internal energy result straightforwardly,

CV,m =
dU
dT

= NkB

(
µ0H
kBT

)2 1
cosh2(µ0H/kBT)

= NkB

(
θ

T

)2 eθ/T

(eθ/T + 1)2 , (15.10)

where the notation θ = 2µ0H/kB has been used. This permits to perform analyses of the
limiting cases. Namely,

CV,m ∝ 1/T2, i f T → ∞; CV,m ∝ (1/T2)e−θ/T, i f T → 0. (15.11)

The entire curve following from Eq. (15.10) can be plotted and has the form shown in the
Fig. 15.3.
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Fig. 15.3: The dependence of heat capacity as a function of the temperature (θ = 1).

We observe that the theory (based on Boltzmann statistics) predicts the so-called Schot-
tky anomaly. It is an effect where the specific heat capacity of a solid at low temperature
exhibits a maximum. The location of a maximum depends on the value of applied external
magnetic field. It is called anomalous because the heat capacity commonly increases with
temperature, or remains constant.

In addition, it is helpful to explore the behavior of entropy. It follows from Eq. (15.8),

S = NkB ln
[

2cosh
(

µ0H
kBT

)]
− (Nµ0H/T) tanh

(
µ0H
kBT

)
. (15.12)

Two limits should be explored. In the high temperature limit, kBT >> µ0H, the entropy
tends to,

S → NkB ln(2), (15.13)

whereas in the limit of low temperature, kBT << µ0H, the entropy vanishes, S → 0. Both
results are physically well justified. At very low temperature all the electrons should be in
the state with lower energy, therefore entropy vanishes. On the other hand, at very high
temperatures, the thermal energy kBT is much higher than the magnetic splitting between
energy levels, thus two magnetic energy states are equiprobable.

Finally, it is necessary to comment on the magnetization, M, of the system of magnetic
moments. The magnetization of N independent magnetic moments is,

M = N < µz >, (15.14)

where < µz > is the average magnetic moment for an atom calculated with the distribution
function of the canonical ensemble,

< µz >=
J

∑
m=−J

g µ0m exp (gµ0mH/kBT)/qm = kBT
(

∂ lnqm

∂H

)∣∣∣∣
T

. (15.15)

Then, the magnetization of the system of N independent magnetic moments, with the free
energy A = −NkBT lnqm = U − TS, in Eq. (15.14) is,

M = NkBT
(

∂ lnqm

∂H

)∣∣∣∣
T
= −

(
∂A
∂H

)∣∣∣∣
T
= Nµ0 tanh

(
µ0H
kBT

)
. (15.16)
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This result permits to obtain the so-called Curie law for paramagnetism, describing the
dependence of magnetization on the applied magnetic field in the region of weak fields,

M =
Nµ2

0H
kBT

. (15.17)

This is nothing else than the equation of state of paramagnetic system in terms of M, H, and
T variables. In Fig. (15.4), the magnetization M is plotted as a function of the dimensionless
parameter µ0H/kBT, illustrating the thermal behavior of the magnetic response of the
system upon the action of the external magnetic field.
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Fig. 15.4: The dependence of the total magnetic moment of the paramagnet, i.e. the
magnetization on the strength of magnetic field. The curve is obtained using Eq. (15.16).

A set of more general expressions follows from the single-particle partition function,
qm, given by Eq. (15.6). It refers to arbitrary values of J. Specifically, we can obtain the
average magnetic moment of a particle in the paramagnetic system under the influence of
external magnetic field,

< µz >=
1

qm

J

∑
m=−J

(gµ0m) egµ0mH/kBT. (15.18)

This step is equivalent to what we have done in Eq. (15.9),

< µz >= kBT
(

∂ lnqm

∂H

)∣∣∣∣
T
=

gµ0

qm

∂

∂ζ

[
(e−ζ J − e−ζ(J+1))

(1 − eζ)

]
, (15.19)

where ζ = H/T. A set of experimental data illustrates what we are looking for within the
theoretical procedure.

The derivative in Eq. (15.19) can be taken explicitly to arrive at average magnetization
of a sample of N magnetic moments per volume,

M =
N
V

< µz >=
N
V

gµ0 JBJ(ζ). (15.20)

This final result involves the so-called Brillouin special function, BJ(x),

BJ(x) =
1
J

{
(J +

1
2
)coth[(J +

1
2
)x]− 1

2
coth(

1
2

x)
}

. (15.21)
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Fig. 15.5: Average magnetization of a sample of a paramagnetic substance as a function
of H/T. Experimental data refer to ions of chromium, potassium alum, iron ammonium
alum, and gadolinium sulfate octahydrate for which g = 2 and j = 3/2, 5/2, and 7/2,
respectively, see Ref. [24].

We can now explore the result of Eq. (15.20) to define the magnetic susceptibility, χ, as
follows,

M = χH, (15.22)

that describes magnetic response of the sample under study to the action of external
magnetic field,

χ =
N
V

gµ0 J
H

BJ(ζ). (15.23)

In order to perform analysis of the behavior of magnetic susceptibility we need to comment
on the behavior of the Brillouin function. The function BJ(ζ) is a monotonously increasing
function, it equals to zero as ζ → 0 (it is necessary to apply series expansion of the
hyperbolic cotangent to extract this limit). On the other hand, the function BJ(ζ) tends to
unity in the limit ζ → ∞.

More specifically, in the limit of high temperature or small values of external field, H
(this limit has been formulated above, kBT >> gµ0H, to arrive at Eqs. (15.13) and (15.17)),
the Brillouin function behaves as BJ(ζ) ≈ (J + 1)ζ/3. Then, the susceptibility χ can be
written straightforwardly as,

χ =
N
V

g2µ2
0 J(J + 1)
3kBT

. (15.24)

This expression just represents another expression for the 1/T behavior - in essence the
Curie law, obtained already within the analyses given slightly above.

On the other hand, in the limit of strong external fields, H, or at low temperatures, T
(recall our discussion of the case kBT << gµ0H above), it follows from Eq. (15.22) that,

M =
N
V

gµ0 J, (15.25)

or in other words magnetization saturates (or does not depend on the applied field). This
physical situation corresponds to alignment of all magnetic moments along the direction
of magnetic field.
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To summarize the general case, we would like just to give expressions for the magnetic
internal energy,

U = −Ngµ0 JBJ(ζ)H, (15.26)

and for the magnetic contribution to the constant volume specific heat,

CV,m =
dU
dT

= −NkB Jζ2 dBJ(ζ)

dζ
. (15.27)

Analysis of the behavior of these expressions on temperature and on the strength of
external magnetic field coincides with the discussion given above for the particular case
J = 1/2, we refer to Eqs. (15.8)-(15.10) of this chapter. The derivative necessary to apply in
Eq. (15.26) follows from the definition of the Brillouin function defined in Eq. (15.21),

dBJ(ζ)

dζ
= −1

J

{
(J + 1/2)2

sinh2[(J + 1/2)ζ]
− 1

4
1

sinh2(ζ/2)

}
. (15.28)

Several examples concerning the properties of paramagnetic systems that follow from
application of Boltzmann statistics can be found in specialized literature [24, 25].

15.3 One-dimensional Ising model

We proceed now to the models of another type of magnetic systems. Namely, let us
consider a one-dimensional (1D) Ising model. It is a chain of equidistantly separated N
spins that take values ±1 (si =+1 or si =−1, in common scientific slang spin up and spin
down). The length of the system is L. The model assumes interaction between nearest
neighbors only, such that the Hamiltonian of the system is,

Es = −J
N−1

∑
i=1

sisi+1. (15.29)

The parameter J providing measure of the strength of interaction between nearest spins
is of utmost importance. If J is positive, one can see that the nearest spins alignment
(si = si+1) is favored due to a lower value of energy for such configuration, comparing
to oppositely directed spins. Then, the model can be thought as a 1D most simple or
primitive model for ferromagnetic, promoting magnetism via ordering of spins.

On the other hand, if J is negative, antialignment of neighboring spins is energetically
preferred, i.e. si =−si+1. Thus, the model can be thought as related to antiferromagnetism
in most simple manner. Intuitively, one should expect that when no external field is
applied, the antiferromagnetic structure corresponds to a vanishing total magnetization.

Low dimensionality of the model permits to deal with the partition function,

QN =
1

∑
s1=−1

1

∑
s2=−1

...
1

∑
sN=−1

exp{βJ
N−1

∑
i=1

sjsi+1}, (15.30)

easily. It can be evaluated step by step, e.g.

Q2 = 2
1

∑
s1=−1

1

∑
s2=−1

eβJs1s2 =
1

∑
s1=−1

(
e−βJs1 + eβJs1

)
= 2 (2cosh(βJ)) , (15.31)

next Q3, Q4,.., to observe that,

QN = 2(2cosh(βJ))N−1. (15.32)
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Thermodynamic properties then follow straightforwardly, (U = −∂lnZN/∂β),

A =− kBT ln2 − (N − 1)kBT ln(2cosh(βJ)),
U =− (N − 1)J tanh(βJ), (15.33)

CV =(N − 1)kB(βJ)2(1 − tanh2(βJ)).

The most interesting is the temperature dependence of the heat capacity, CV . In the region
of high temperatures, |βJ| << 1, having in mind Taylor series of hyperbolic tangent
(tanh x = x − 1

3 x3 + 2
15 x5 + · · · ), one arrives at the asymptotic expression,

CV ≈ (N − 1)
J2

kBT2 . (15.34)

In contrast, in the region of low temperatures, |βJ| >> 1, it follows from Eq. (15.33) that,

CV ≈ 4(N − 1)
J2

kBT2 exp
(
−2|J|
kBT

)
. (15.35)

One can recover the entire plot of CV using Eq. (15.33) as well. It can can be seen in
Fig. (15.6) that the heat capacity passes through a maximum at certain temperature interval.
This behavior of specific heat is the result of competition between magnetic inter-particle
interactions and thermal energy, in contrast to what we studied for paramagnetism in the
first part of this chapter.
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Fig. 15.6: The dependence of the specific heat on temperature for the one-dimensional
Ising model.

It is worth mentioning some theoretical predictions concerning heat capacity. Namely,
at T → 0 the specific heat vanishes. Under such thermodynamic conditions, the spins
obviously enter the lowest energy state, moreover they cannot be excited to the first excited
state if kBT is small comparing to the energy described by the interaction parameter |J|. As
it has been mentioned in the discussion of the Hamiltonian above, the ground state would
be with all spins equally aligned when J > 0, i.e. all of them will be in the configuration,
si = +1 or si = −1. If J < 0 the ground state will correspond to all neighboring spins
oppositely aligned, si = −si+1. In the opposite limit, T → ∞, the spins would attain
random configuration (magnetic ordering effects will be negligible comparing to thermal
motion effects) the internal energy becomes small and the specific heat vanishes as well.
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Interestingly, the specific heat goes through a maximum at some temperature but it
is infinitely differentiable w.r.t. temperature, consequently no magnetic transition of the
order-disorder type is predicted by the model. Two issues are of importance in this aspect.
One is that the interaction between spins is only of the nearest neighbors type (perhaps
insufficient to yield transition). The other principal issue is the dimensionality of the
model. It has been proven and explained in the book “Statistical Physics” by Landau and
Lifshitz [10] that there are no true phase transitions in one-dimensional systems.

Final issue of this chapter is in discussing the effect of external magnetic field on the
behavior of 1D Ising model. To do that, one needs to extend the Hamiltonian given by
Eq. (15.29) as follows,

Es = −J
N−1

∑
i=1

sisi+1 − h
N

∑
i=1

si, (15.36)

where the external field is, h = µH (µ is the magnitude of the magnetic spin moment). The
evaluation of the partition function is more complex and is omitted in the present text. We
just refer to the result for magnetization obtained from the free energy,

M = −nµ

(
∂A
∂h

)∣∣∣∣
β

=
nµ sinh(βh)

[sinh2(βh) + exp(−4βJ)]1/2,
(15.37)

where n is the number density of spins (n = N/L). Note similarity of the first equality sign
above, with our previous calculation given in Eq. (15.20). One can plot the magnetization
on the external field according to the result presented, see the Fig. (15.7) below.
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Fig. 15.7: Magnetization isotherms as a function of the external field strength for the
one-dimensional Ising model in the magnetic field. Redrawn from T. Davis [2].

In conclusion, the magnetization is a smooth function of the external field strength
for all finite temperatures. Thus, the system does not show order-disorder transition or
equivalently the field is unable to qualitatively change the behavior of magnetization,
appearance of spontaneous magnetization is not captured. This is an illustration of a
general rule, if the system does not possess phase transition without external field, the
field is unable to generate phase transition on its own.
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16.1 The method of molecular field for ferromagnetism
General comments.
We have seen that only for ideal type systems one can obtain thermodynamic properties
quite easily. If the system deviates from ideal type setup, or say becomes non-ideal, then
to calculate the partition function becomes problematic. Therefore, the following question
arises: is it possible to modify the binary type term describing inter-particle interactions by
the function of unary type, something like for the systems under the influence of external
field (the field acts on each particle separately) such that thermodynamic properties of an
original system and of the one described by a modified Hamiltonian remain close each
other. For some systems this trick can be really done.

Statement and solution of the problem.
Similar to the previous chapter consider a system of N spins on a lattice of equivalent sites.
It is assumed that the magnetic moment on the site can take only two values ±µB, where
µB is the Bohr magneton. Therefore, we are dealing with the following Hamiltonian,

E = −1
2 ∑

f
∑

f ′ , f ̸= f ′
J f f ′ s f s f ′ , (16.1)

where si = ±1, f and f
′

are the indices of the lattice sites. The summation is over all
the sites of the system. The parameter J f f ′ is chosen positive and depends only on the

distance between the sites f and f
′
. However, the interaction is assumed between the

nearest neighbor sites only. The energy of the system will be at minimum if all the spins
are parallel to a chosen direction, i.e. if all the numbers are either +1 or −1. If J f f ′ > 0,
the ground state of the Ising model represents ordered ferromagnetic. For the sake of
convenience, assume that all spins have orientation −1 in the ground state.

Let us develop the molecular field approximation. To do that, each of spins in the
Hamiltonian is substituted by the identity,

s f ≡< s f > +s f− < s f >≡< s f > +∆s f =< s > +∆s f . (16.2)

Here, < s f > is the statistical average of the value of the variable s f at a site f . It is
important to note that < s f >=< s > because all the lattice sites are equivalent and the
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average does not depend on the site index, whereas the deviation depends on the site
index.

Now, substitute this notation into the original Hamiltonian given by Eq. (16.1), to get,

E = −1
2 ∑

f ̸= f ′
J f f ′ < s >2 − ∑

f ̸= f ′
J f f ′ < s > ∆s f ′ −

1
2 ∑

f ̸= f ′
J f f ′ ∆s f ∆s f ′ . (16.3)

Essence of the molecular field approximation is in neglecting the last term in the r.h.s. of
the equation above. In other words, the squared term for the deviations is neglected. Then,
we have,

EM = −1
2 ∑

f ̸= f ′
J f f ′ < s >2 − ∑

f ̸= f ′
J f f ′ < s > ∆s f ′ . (16.4)

Now, we would like to return to the original variable s f , by using substitution,

∆s f ′ = s f ′− < s >, (16.5)

according to Eq. (16.2). In addition, we note that,

∑
f ′

J f f ′ = J f = J, (16.6)

i.e. it does not depend on on the site index, because all the sites are equivalent. In
consequence, the Hamiltonian of the Ising model within the molecular field approximation
will have the form,

EM =
1
2

NJ < s >2 −∑
f

J < s > s f . (16.7)

The dependence on the true spin variables (not on averages) in this Hamiltonian is the
same as in the Hamiltonian of a system of independent spins under the influence of
external magnetic field, H,

Eid = −∑
f

µBHs f , (16.8)

cf. the second term of Eq. (15.36). Therefore, we can interpret the term,

J < s >
µB

= HM (16.9)

as the internal magnetic field which intuitively can be responsible for the appearance
of spontaneous magnetic order (frequently it is called as Weiss molecular field). If, in
addition, the external magnetic field is present, then the Hamiltonian will have the form,

EM =
1
2

NJ < s >2 −(J < s > +µBH)∑
f

s f . (16.10)

This Hamiltonian is the sum of contributions coming from individual atoms and conse-
quently the partition function will be given as a product of one-particle partition functions,

QM =
N

∏
f=1

q f , (16.11)
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with

q f =
+1

∑
s f =−1

exp

{
−

J < s >2 /2 − (J < s > +µBH)s f

kBT

}

= exp
{
− J < s >2

2kBT

}
2cosh

(
J < s > +µBH

kBT

)
. (16.12)

It is worth noting, that the one-particle partition function does not depend on the site
index because all the sites are equivalent. The partition function, QM, then leads to the
free energy,

AM =
1
2

NJ < s >2 −NkBT ln
[

2cosh
(

J < s > +µBH
kBT

)]
. (16.13)

One can formally calculate then all thermodynamic properties of the model ferromagnetic
in the molecular field approximation. Still, this expression contains unknown parameter
< s >. Let us calculate it.

First note that magnetization (average magnetization) of the system can be related to
the difference of the average numbers of differently oriented spins,

M = µB(< N− > − < N+ >). (16.14)

On the other hand, by the definition of an average spin at arbitrary site in terms of the
population of spins with different orientation, we have,

< s >=
< N− > − < N+ >

N
. (16.15)

Thus,

M = µBN < s >= Mmax < s > . (16.16)

Here, Mmax = µBN, is the notation for the maximum magnetization of the system corre-
sponding to the configuration when all the spins are parallel. With these preliminaries,
one can write down the free energy of the system as follows,

AM =
1
2

NJ
M2

M2
max

− NkBT ln
[

2cosh
(

J
kBT

M
Mmax

+
µBH
kBT

)]
. (16.17)

Thermodynamic definition of magnetization, as a conjugate of the external magnetic
field, has been used by us previously in several occasions,

M = −
(

∂A
∂H

)∣∣∣∣
T,V

, (16.18)

It leads to the following equation,

M = Mmax tanh
(

Tc

T
M

Mmax
+

µBH
kBT

)
, (16.19)

where, for the sake of convenience, we have introduced the notation for the temperature
scale, Tc = J/kB. The magnetic susceptibility has been defined in Eq. (15.22). At high
temperature the hyperbolic tangent in Eq. (16.19) can be expanded into series preserving
the linear term only. Then,

M
Mmax

= χH =
µBH

kB(T − Tc)
, (16.20)
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evidencing that the susceptibility diverges, if the temperature approaches the Curie tem-
perature from above. This dependence on temperature is the essence of the Curie-Weise’s
law, that describes the magnetic susceptibility, χ, of a ferromagnet in the paramagnetic
region above the Curie temperature,

χ =
C

T − Tc
. (16.21)

If the external magnetic field is absent, then the magnetization of the system is the
spontaneous magnetization, Ms. It can be obtained from the equation above as,

Ms

Mmax
= tanh

(
Tc

T
Ms

Mmax

)
. (16.22)

The solution can be found simply plotting both sides of this equation. Introduce notation,

Tc

T
Ms

Mmax
= x, (16.23)

and look for the solutions of the equation,

T
Tc

x = tanh(x). (16.24)

First plot the hyperbolic tangent for the positive values of x. If T > Tc the inclination of
the l.h.s. is high, such that the crossing with the hyperbolic tangent occurs solely at the
point x = 0. Thus, there is no spontaneous magnetization (see the Fig. (16.1) below).

T > T
c

T = T
c

T < T
c

tanh(x)

y

x

Fig. 16.1: Graphical representation of the solution of the equation for spontaneous magne-
tization.

If T < Tc, there are two crossing points, one - at x = 0 is trivial solution whereas another
one at x ̸= 0 is the non-trivial solution. The question is: which of two corresponds to the
equilibrium situation? It is known from thermodynamics, that the stable equilibrium for
the system with T,V and H independent variables corresponds to the minimum value of
the Helmholtz free energy, A. By inspection of the form of the free energy in Eq. (16.17),
we see that AM is lower for the case of non-trivial solution. Thus this solution corresponds
to a stable phase and consequently at T < Tc it is characterized by non-zero spontaneous
magnetization. The characteristic temperature yielding condition of disappearance of
spontaneous magnetization is the so-called Curie temperature.
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It is worth to analyze the expression for the spontaneous magnetization for different
temperatures. It is easy to make conclusions at low temperature, T/Tc << 1 and at high
temperature, T/Tc ≈ 1. At low temperatures, T/Tc << 1, the inclination of the l.h.s. of
equation above is very low and therefore the spontaneous magnetization, Ms, value is
close to the saturation value Mmax. Consequently,

Ms

Mmax

Tc

T
>> 1. (16.25)

Thus, we have,

Ms

Mmax
= tanh

(
Tc

T
Ms

Mmax

)
=

1 − e−2(Tc/T)(Ms/Mmax)

1 + e−2(Tc/T)(Ms/Mmax)
≈ 1 − 2e−2Tc/T. (16.26)

On the other hand, if the temperature is close to Curie temperature, the following
inequality holds,

Ms

Mmax

Tc

T
<< 1. (16.27)

Then, expanding the hyperbolic tangent into series, we obtain the equation,

Ms

Mmax
=

Tc

T
Ms

Mmax
− 1

3

(
Tc

T
Ms

Mmax

)3

+ · · · , (16.28)

and the result becomes,(
Ms

Mmax

)2

= 3
(

T
Tc

)(
1 − T

Tc

)
, (16.29)

or approximately,

Ms

Mmax
=

√
3

Tc − T
Tc

. (16.30)

The schematic graph of the spontaneous magnetization on temperature is given in the
Fig. 16.2. The dash-dotted solid curve describes the result coming from molecular field
approximation whereas the solid line roughly corresponds to experimental observations.

1

1
T/T

c

M/M
max

0

Fig. 16.2: Schematical dependence of the spontaneous magnetization on temperature.

Theoretical developments given above have thermodynamic consequences. Our focus
is in the internal energy and constant volume heat capacity. The internal energy results
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from the averaging of the Hamiltonian in Eq. (16.10), thus in the framework of molecular
field approximation it is,

U =< EM >= −1
2

NJ < s >2 −NµBH < s >= −1
2

qM2 − HM, (16.31)

where q = J/(Nµ2
B). Then, the heat capacity is,

CV,H =

(
dU
dT

)∣∣∣∣
V,H

= −qM
(

dM
dT

)∣∣∣∣
V,H

− H
(

dM
dT

)∣∣∣∣
V,H

. (16.32)

Because the magnetization (at constant external field value) decreases with increas-
ing temperature (see e.g. the Fig. (16.2) above) the heat capacity is positive (CV,H > 0).
Moreover, in the absence of external magnetic field,

CV = −qMs

(
dMs

dT

)∣∣∣∣
V

. (16.33)
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Fig. 16.3: The dependence of heat capacity on temperature.

So, the heat capacity is zero at T > Tc. Moreover, from Eq. (16.26), by evaluating the
derivative dMs/dT, we can see that CV → 0 at T → 0. At T = Tc the heat capacity exhibits
discontinuity. To see that, let us perform calculation in the interval T < Tc using Eq. (16.30),

lim
T→Tc

CV =
3
2

NkB. (16.34)

So,

∆CV |T=Tc =
3
2

NkB, (16.35)

witnessing that the phase transformation at temperature Tc is the second-order phase
transition 1. The Fig. (16.3) schematically illustrates the behavior of heat capacity on
temperature in the framework of the molecular field approximation.

Comment: Recall that the heat capacity in the canonical ensemble is related with the
fluctuations of internal energy.

1Phase transitions according to Ehrenfest propossal have been classified according to the lowest-order
derivative of the free energy that becomes discontinuous at the transition. First-order phase transitions are
characterized by a discontinuity in the first derivative of the free energy with respect to a thermodynamic
variable. Transitions between solid, liquid, and gas phases fall into this category, as they involve a sudden
change in density, which is the inverse of the first derivative of free energy with respect to pressure. Second-
order phase transitions, in contrast, exhibit continuity in the first derivative of the free energy (e.g., the
order parameter, such as magnetization or density), but display a discontinuity in the second derivative,
such as heat capacity or compressibility. Detailed description of the theories of phase transition and critical
phenomena are given in Ref. [26].
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16.2 Molecular field approach to electrolyte solutions
The method developed above has a wider applicability. Now, we would like to illustrate
the relevant application in the theory of electrolyte solutions. Consider a multicomponent
system of M species with the total number of particles N,

M

∑
a=1

Na = N. (16.36)

The particles of each species a are numbered from 1 to Na. The particles of each species
are charged. The system is considered to be electroneutral because only an electroneutral
system of charges can reach equilibrium, otherwise one needs to assume an external the
presence of an electric field to equlibrate the system. The condition of electroneutrality is
written as,

1
V

M

∑
a=1

ezaNa = 0, (16.37)

where eza is the charge of particles belonging to species a and na = Na/V is the average
number of particles of species a per unit volume or say the bulk density.

The classical Hamiltonian we would like to deal with depends on momenta (...p...)
and coordinates (...q...) of all particles and is as follows,

E(...,pi, ..; ...qi...) =
N

∑
i=1

1
2m

p2
i +

1
2

M

∑
a,b=1

Na

∑
i=1

Nb

∑
j=1

ezaϕab(|qia − qjb|), (16.38)

where,

ϕab(|qia − qjb|) =
ezb

|qia − qjb|
, (16.39)

denotes the Coulomb interaction potential between particles i and j belonging to species
a and b, respectively. Obvious condition a, i ̸= b, j should be satisfied to exclude self
interaction.

The essence of the molecular field approximation is to replace the true energy of inter-
action of any particle with all others by the average value of this energy. In mathematical
terms, we would like to apply the approximation,

M

∑
b=1

Nb

∑
j=1

ezaϕab(|qia − qjb|)→ eza < ϕa >, (16.40)

where < ϕa > formally denotes the average potential of electrostatic field exerted by all
particles on the arbitrary (or any) particle of species a at the coordinate qia. However, the
system in question is homogeneous, consequently this average potential solely possesses
species index and does not depend on the particles index. With this approximation the
average potential energy of Coulomb interactions equals to,

< UN >=
1
2

M

∑
a=1

Na

∑
i=1

eza < ϕa >=
1
2

V
M

∑
a=1

eza < na >< ϕa > . (16.41)

The average electrostatic potential depends on the coordinate, thus upon summation over
particles index i in the equation above, we have inserted < na > describing an average of
the local density of species a of the system at the same coordinate.

In order to obtain necessary potential, one can resort to the Poisson equation of
macroscopic electrostatics, see e.g. Appendix 3.11 of Ref. [27],

∆ϕ(q) = −4πρ(q), (16.42)
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where ρ(q) is the function describing the distribution of charges in the system, or say
spatial charge density that creates the potential.

We would like to choose the charge distribution in the form,

ρ(q) =
M

∑
a=1

ezana(q) (16.43)

At this point one should apply Boltzmann statistics. Because the energy of a particle with
the charge eza at the coordinate q is ezaϕ(q), the distribution of particles of species a is
given by,

na(q) = na exp{−ezaϕ(q)/kBT}, (16.44)

where na is chosen as the bulk density of species a. Thus the electrostatic potential is
obtained from the Poisson-Boltzmann equation,

∆ϕ(q) = −4π
M

∑
a=1

ezana exp{−ezaϕ(q)/kBT}. (16.45)

This is a nonlinear differential equation difficult to solve. However, if the electrostatic
potential is weak and/or temperature is high, one can linearize it by expanding the
exponent in the r.h.s. into series and keep first two terms of the series,

exp{−ezaϕ(q)/kBT} = 1 − ezaϕ(q)/kBT. (16.46)

Recall that the system is electroneutral. Then,

∆ϕ(q)− 4πe2

kBT

M

∑
a=1

naz2
aϕ(q) = 0. (16.47)

Introduce notation,

κ2 =
4πe2

kBT

M

∑
a=1

naz2
a; κ = 1/rD, (16.48)

where rD is called as the radius of Debye and κ is termed as the inverse Debye radius.
Restrict to the case when there is a central ion at the origin (it should be an ion

belonging to species a with the charge eza) and the field then has spherical symmetry w.r.t.
the central ion. Then, the potential depends only on the distance r in spherical coordinates.
The relevant part of the Laplace operator can be used to transform the equation above
into,

1
r2

∂

∂r
(r2 ∂ϕ(r)

∂r
) = κ2ϕ(r) (16.49)

and obtain solution of the form,

ϕ(r) = A
1
r

e−κr, (16.50)

where A is the constant necessary to determine. The unknown constant is, A = eza because
of the boundary condition or in other words because we have chosen a given ion at the
coordinate center. Recall that Coulomb potential of the particle on its own (or bare, or
self-interaction potential), is ϕa(r) = eza/r. Thus, the electrostatic potential created by all
particles at the coordinate of a given one of our interest is,

ϕa(r) = eza
1
r

e−κr. (16.51)
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So, what do we have is the electrostatic potential created by the given particle belonging
to species a and located at the origin of the coordinate system and by all other charged
particles belonging to different species distributed according to Boltzmann statistics.
Eq. (16.51) determines the screened potential, rather than the bare Coulomb. The screened
potential decays faster than its Coulomb counterpart because each particle creates an
”atmosphere” around it. Within this atmosphere, the charges of opposite sign w.r.t. to the
central ion charge, prevail. Due to the application of Boltzmann statistics for the charge
distribution one can interpret the screened potential as an average potential created at a
given point.

In order to find the molecular field potential and to apply the approximation defined
by Eq. (16.41), we need to rest the self-potential of the central particle from the expression
in Eq. (16.51),

< ϕa >= {eza
1
r

e−κr − eza
1
r
}. (16.52)

Next, in the spirit of linearization of the original Poisson-Boltzmann equation, the screened
potential should be expanded into series and the limit r = 0 should be performed. Thus,

< ϕa >= − eza

rD
. (16.53)

We apply then this result in evaluation of the electrostatic contribution into internal energy
of the system according to Eq. (16.41). In addition, the average density multiplier is
approximated by its bulk value as in Boltzmann distribution given by Eq. (16.44). Then,
the result for the internal energy is,

U(el)
N = −V

2
1

4πβ
κ3. (16.54)

The approach outlined above corresponds to the Debye-Hückel theory of electrolyte
solutions explained in very detail in chapter 15 of Ref. [7] by D. McQuarrie. In this kind of
theory only the solute ions are considered explicitly, the effects of solvent may or should
be incorporated by renormalization of the charge density distribution by the multiplier
1/ε, where ε denotes the dielectric constant of a solvent medium.
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17.1 Langmuir adsorption
One, pedagogically motivated, application of Boltzmann distribution is the description of
Langmuir adsorption.

In general terms we deal with a rather complex system consisting of two subsystems,
a fluid and a solid. These two parts of the entire system are put in contact. The simplest
model permitting to get insight into the phenomenon of adsorption is the so-called
Langmuir model.

According to the model, a solid surface exposed to the adsorption of a fluid is the
surface plane containing M identical adsorption sites. The configuration of the sites is
not specified. It is assumed that each of the sites can adsorb at most one fluid molecule
(obviously the site can remain empty as well). The adsorbed molecules are considered
to be independent of one another, i.e. it is an ideal gas of molecules. For simplicity, it is
assumed that a molecule, if adsorbed, has energy, −ε0, relative to its energy in the fluid
phase. It can be interpreted as the activation energy. Thus, adsorption of fluid species
on the solid surface is energetically preferred comparing to the permanence in the fluid.
However, only a monomer layer can by formed according to the assumed setup.

Prior statistical mechanical description of the model, let us resort to the arguments
coming from the simplified consideration of kinetics of adsorption. First, introduce the
parameter characterizing coverage of the substrate surface by adsorbed molecules, θ,
θ = Nads/M, where Nads is the average number of occupied sites. The coverage is a
function of time from the point of view of chemical kinetics. In terms of chemical reactions,
one can view the process of adsorption as,

S + A ⇌ SA, (17.1)

where, the right and left harpoons in terms of rate constants are given by, k1 (adsorption of
A particles or say the formation of SA "species") and k−1 (desorption of A particles from
the surface sites). At equilibrium, the adsorption, Rads = k1M(1 − θ)P, and desorption,
Rdes = k−1Mθ, rates should satisfy dθ(t)/dt = 0, or in mathematical terms,

k1M(1 − θ)P = k−1Mθ. (17.2)

The state of the adsorbate is characterized by the pressure, P, whereas the solid surface
state is described by θ and M, or equivalently by the fraction of "empty" sites, M(1 − θ)
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and of occupied Mθ sites. Then, the equilibrium surface coverage is,

θ =
KP

1 + KP
, (17.3)

where K = k1/k−1 is the equilibrium rate constant. The ratio of rate constants, K, depends
on temperature obviously, i.e. K = K(T).

Proceed now to the theoretical considerations. The state of a fluid is determined by the
chemical potential and temperature. Such setup is equivalent to the choice of pressure
as the external variable, but is more convenient. If one would like to describe adsorption
in pores or in disordered porous media, rather than on a single surface. Let the fluid is
at thermodynamic conditions given by certain values of µ and T. First, we would like to
specify the canonical partition function of N adsorbed molecules. It can be written as,

QN =
M!

N!(M − N)!
eNε0/kBT[q(in)ad (T)]N . (17.4)

The first multiplier M!/N!(M − N)! describes the number of ways the N fluid molecules
can be distributed among M identical adsorbing sites. The second multiplier shows that
N molecules are in adsorbed state. Finally, the third multiplier is introduced to emphasize
that each of adsorbed molecules has internal degrees of freedom yielding the partition
function q(in)ad .

Having in mind, that imaginary adsorption experiment is performed from a fluid
with a given value of chemical potential, and that the number of adsorbed molecules is
determined by µ, we are interested in the grand partition function,

Ξ =
M

∑
N=0

M!
N!(M − N)!

[q(in)ad (T)]NeN(ε0+µ)/kBT. (17.5)

Explicit expression for the grand partition function follows from the binomial theorem,
((x + y)M = ∑M

N=0
M!

N!(M−N)! x
(M−N)yN),

Ξ =
{

1 + q(in)ad (T)e(ε0+µ)/kBT
}M

. (17.6)

The knowledge of Ξ permits to evaluate the average number of adsorbed molecules
straightforwardly,

N = −
(

∂Ω
∂µ

)
= kBT

(
∂lnΞ
∂µ

)
, (17.7)

to get,

N
M

=
q(in)ad (T)e(ε0+µ)/kBT

1 + q(in)ad (T)e(ε0+µ)/kBT
, (17.8)

which is called as the Langmuir adsorption isotherm. It provides the description of the
coverage, N/M, or say occupancy of the solid adsorbing surface by fluid particles, as a
function of external chemical potential describing the state of the bulk fluid phase. The
temperature dependence of coverage at a given value of the chemical potential can be
studied as well.
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Fig. 17.1: Langmuir adsorption isotherm.

Schematic plot of the dependence of coverage on fluid activity, exp(µ/kBT), is shown
in the Fig. (17.1). At a high values of activity, we observe trends for saturation, i.e. the
approach to the complete occupancy of the adsorbing sites by fluid species. On the other
hand, in the limiting case of small activity, we assume that the denominator of Eq. (17.8) is
dominated by the first term, and becomes almost equal to unity (recall that if the system
is close to the ideal gas the chemical potential is negative and big by magnitude). Then,
Eq. (17.8) can be re-arranged in the following form,

µ = −ε0 − kBT ln
(

q(in)ad

)
+ kBT ln

(
N
M

)
. (17.9)

This result can be combined with the Eqs. (13.11) and (13.12) given for the chemical
potential for the fluid phase considered as a dilute, almost ideal, gas,

µ = kBT ln

 λ3

kBTq(in)f

+ kBT ln(P), (17.10)

where λ = h/
√

2πmkBT is the thermal de Broglie length, q(in)f is the partition function of
the internal degrees of freedom of a single particle in the bulk fluid phase and P is the
external pressure. Eqs. (17.9) and (17.10), if combined, yield the result N

M = K(T)P. On the
other hand, if the chemical potential from Eq. (17.9) is inserted into Eq. (17.8), on arrives at
Langmuir adsorption isotherm,

N
M

=
K(T)P

1 + K(T)P
, (17.11)

where,

K(T) =

 q(in)ad λ3

q(in)f kBT

exp
(

ε0

kBT

)
. (17.12)

It can be used to describe adsorption of a dilute gas on a solid substrate. The coverage,
N/M, in such a form is the function of an external pressure describing the state of a
gas. However, one can interpret Eq. (17.11) differently. Imagine that the conditions of
adsorption experiment are known, i.e. P and T, and that K(T) is experimentally available.



138 Chapter 17. Adsorption

Then, the left had side provides knowledge about the total surface area that the solid
makes available for adsorption in terms of M/N.

The Langmuir adsorption isotherm is very simple, it served for interpretation of
adsorption for several years. However, many efforts have been focused in the better
description of adsorption phenomena. Along this line of research the so-called BET
isotherm has been developed, named after Brunauer, Emmett and Teller. One of the
principal differences of this approach comparing to Langmuir, is that the possibility of
adsorption of a pile (or column) of fluid particles by a single surface site is assumed. In
other words, multilayer adsorption can be captured. To do that, the model assumes a set
of energetic states for a particle dependent on the number of adsorbed layer, −ε0,−ε1, ....
Then, if one restricts to the adsorption of a dilute gas, Eq. (17.11) is modified to the BET
form,

N
M

=
C(T)

(
P
Ps

)
(

1 −
(

P
Ps

))[
1 + (C(T)− 1)

(
P
Ps

)] , (17.13)

where Ps = Ps(T) is the saturated vapor pressure at a temperature T and C(T) is the
parameter related to K(T). In the limit of small P/Ps and large C(T), one can rewrite this
equation in the Langmuir form,

N
M

=
C(T)

(
P
Ps

)
1 +

(
C(T)

(
P
Ps

)) =
K(T)P

1 + K(T)P
, (17.14)

if C(T) = K(T)Ps. Thus, at low temperature, when Ps is quite low, BET type adsorption
isotherm reduces to the form of Langmuir. This is illustrated in the figure below. If the
curve given by Eq. (17.13) is plotted schematically it describes multilayer coverage in
contrast to Langmuir shape.
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Fig. 17.2: Panel (a): BET versus Langmuir adsorption isotherms. Panel (b): Experimental
data and corresponding BET adsorption isotherms. The Panel (b) of the figure is redone
from the original in Ref. [28]. The experimental points are from Ref. [29]. The adsorbed
amount diverges at P/Ps → 1. Red curve follows from a version of fitting using BET
approximation.

To summarize, one can see a conceptual difference of the BET isotherm comparing to
Langmuir one, the former requires knowledge of the equation of state of the bulk fluid to
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involve the variable Ps. The Brunauer–Emmett–Teller approximation even nowadays is
popular to interpret e.g. the nitrogen adsorption isotherms for determining the specific
surface area. A qualitatively correct descriptions can be obtained within this method,
see Fig. (17.2) for illustration of theoretical, BET type results, and experimental data.
Nevertheless, inaccurate description of the growth of macroscopic film precludes accurate
determination of the wetting temperature of the solid substrate.





18. Fermi-Dirac and Bose-Einstein statistics

18.1 Ideal gas obeying Fermi-Dirac or Bose-Einstein statistics
If one would like to search for the statistical peculiarities of the distribution of particles
over different energetic states, the nature of particles should be taken into account besides
thermodynamic conditions of the system. Specifically, we know from the Pauli exclusion
principle of quantum mechanics that if two identical particles have half-integer spin
angular moment (like electrons, 3He atoms for example) they cannot occupy the same
single particle state. In other words, the occupancy of the single particle state is either 0 or
1. This is a situation that leads to Fermi-Dirac statistics, that applies only to a quantum
system of non-interacting fermions.

Assume, that the single particle energy states have energy ε1, ε2, ... and that the number
of particles in the state m is nm. If the system is considered in the canonical ensemble, the
total number of particles in the system, N, is fixed. In fact it is the sum over the number of
particles in all one-particle states,

N = ∑
m

nm. (18.1)

Besides, the energy of a single given quantum state of many-particle system is,

E = n1ε1 + n2ε2 + ... = ∑
m

nmεm. (18.2)

Under such circumstances the canonical partition function is the summation over all
possible states of the many-particle system,

QN = ∑
{nm}

exp{−β(n1ε1 + n2ε2 + ...)}, (18.3)

under the condition of Eq. (18.1), i.e. that the sets of numbers in nm sum to N.
However, the Fermi–Dirac distribution is most easily derived from the grand canonical

ensemble. In this ensemble, the system is able to exchange energy and exchange particles
with a reservoir, where the temperature and chemical potential are fixed by the reservoir.
Due to the absence of interactions between fermions, each available single-particle level
forms a separate thermodynamic system in contact with the reservoir. In other words,
each single-particle level is a separate, tiny grand canonical ensemble.
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The grand partition function of fermions follows from Eq. (18.3) straightforwardly,

Ξ =
∞

∑
N=0

eβµNQN =
∞

∑
N=0

eβµN ∑
{nm}

exp{−β(n1ε1 + n2ε2 + ...)}, (18.4)

the inner sum now, does not contain any restriction for summation because of the outer
sum over different values of the number of particles. Hence, the partition function is,

Ξ =
1

∑
n1=0

1

∑
n2=0

×... ×
1

∑
nm=0

exp{β[n1(µ − ε1) + n2(µ − ε2) + ...]}

=∏
m
(1 + exp{β(µ − εm)}). (18.5)

where (∂ lnΞ/∂µ) = −(∂ lnΞ/∂εm). With this result we can obtain the probable number
of particles (or the average number of particles or occupancy) ns in the energy level εs,

ns = −
(

∂Ω
∂µ

)
= kBT

(
∂ lnΞ

∂µ

)
= −kBT

(
∂ lnΞ
∂εs

)
=

1
eβ(εs−µ) + 1

. (18.6)

This is the Fermi-Dirac occupancy distribution. Schematic graph of the occupancy of
levels with different energy at zero and non-zero temperature is shown in the Fig. (18.1)
below.

0 5 10 15 20

ε

0

0.2

0.4

0.6

0.8

1

1.2

n
(ε

)

µ

T = 0

T > 0

Fig. 18.1: Fermi-Dirac distribution of the occupancy of energetic states.

At zero temperature all energy levels are occupied with the probability equal to 1 up
to ε = µ. On the other hand there are no particles excited to the energy level above µ. At
non-zero temperature a fraction of particles occupy the energy levels above µ.

It is worth mentioning that the average for the total number of particles at a given
chemical potential can be obtained by summation over levels as follows,

N = ∑
s

ns = ∑
s

1
eβ(εs−µ) + 1

. (18.7)

These, quite general relations can be used in several applications. More specifically,
we would like to illustrate an application to obtain thermodynamics properties of ideal
Fermi gas. For a system of N non-interacting fermions, e.g. electrons, the one-particle
wave functions are plane waves. A complete set of quantum numbers is given by the
components of the wave vector k (kx,ky,kz) and the projection of spin moment along
z-axis, mz. As we have seen above, the evaluation of the partition function in Eq .(18.5),
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requires summation over all energetic states. Such summation over states reduces then to
the summation over states with different wave vectors,

∑
r

... → (2s + 1)∑
k

..., (18.8)

the prefactor takes into account possible values of the spin quantum number, recall that
the energy is degenerate. If the electrons are in the cubic box with the volume V = LxLyLz,
the periodic boundary conditions for the wave functions require, kxLx = 2πnx, cf. Eq. (7.16)
of chapter 7 concerned with the simplest problems of quantum mechanics. Therefore,
each state in the wave-vector space has an average volume ∆k = (2π)3/(LxLyLz).

Consequently, if the volume of the system is macroscopic,

∑
r

... → (2s + 1)
1

∆k

∫
d3k = (2s + 1)

V
(2π)3

∫
d3k = (2s + 1)

V
h3

∫
d3 p, (18.9)

where the momentum p, equals to h̄k. Thus, the grand thermodynamic potential,

Ω(µ, T,V) = −kBT lnΞ(µ, T,V) = −kBT ∑
i

ln(1 + exp{β(µ − ε i)}) (18.10)

can be written as an integral,

−βΩ(µ, T,V) = (2s + 1)
V

(2π)3 4π

∞∫
0

dkk2ln[1 + zexp(−βh̄2k2/2m)], (18.11)

where the activity, z, is z = exp(βµ) and ε i → εk = h̄2k2/2m.

x = h̄k

√
β

2m
, k2dk =

(
2m
βh̄2

)3/2

x2dx, (18.12)

to obtain,

−βΩ(µ, T,V) = (2s + 1)
V

2π2

(
2m
βh̄2

)3/2 ∞∫
0

dxx2 ln[1 + zexp(−x2)]. (18.13)

Further simplification can be reached by using the de Broglie thermal wavelength, λ =√
2πβh̄2/m,

−βΩ(µ, T,V) = (2s + 1)
4V

λ3π1/2

∞∫
0

dxx2 ln[1 + zexp(−x2)]. (18.14)

Now, the principal issue is the evaluation of the integral in the equation above. To do that,
one should use Taylor expansion of the logarithm. Then the desired integration can be
performed as follows,

∞∫
0

dxx2 ln[1 + zexp(−x2)] =
∞

∑
n=1

(−1)(n+1) zn

n

∞∫
0

dxx2e−nx2

=
∞

∑
n=1

(−1)(n+1) zn

n
(− d

dn

∞∫
0

dxe−nx2
) =

∞

∑
n=1

(−1)(n+1) zn

n
1
2
(− d

dn

√
π

n
)

=

√
π

4

∞

∑
n=1

(−1)(n+1) zn

n5/2 .

(18.15)
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The sum in the last line is related to the Γ function,

f5/2(z) =
∞

∑
n=1

(−1)(n+1) zn

n5/2 =
4√
π

∞∫
0

dxx2 ln[1 + zexp(−x2)]. (18.16)

Then, finally the grand thermodynamic potential of an ideal Fermi gas as a function of
activity, is,

βΩ(µ, T,V) = −2s + 1
λ3 V f5/2(z). (18.17)

We have derived previously the thermodynamic relation Ω = −PV. Consequently, the
P = P(µ, T) projection of the equation of state is,

P
kBT

=
2s + 1

λ3 f5/2(z). (18.18)

The average number of particles has been defined above in Eq. (18.7). However, that
formal expression can be elaborated by using the result for Ω. Namely,

N = −
(

∂Ω
∂µ

)
= z

(
∂

∂z
lnΞ

)
. (18.19)

Then,

n =
N
V

=
2s + 1
λ3(T)

f3/2(z), (18.20)

where,

f3/2(z) = z
d
dz

f5/2(z). (18.21)

This Eq. (18.20) represents the z = z(n, T) projection of the equation of state for ideal Fermi
gas. Other thermodynamic properties can be obtained from the expression of the grand
thermodynamic potential as well. Several important problems, like the heat capacity of
electron gas, can be explored, in addition to the brief account of this chapter above.

The other case of quantum statistics refers to the particles that have integer total spin
angular momentum each (for example photons, neutrons, etc.). For this kind of particles
any number of them can occupy the same single particle quantum state. Again we refer
to a system of non-interacting particles of this kind. Then, the partition function in the
grand canonical ensemble can be found as we have done above for fermions, but without
restriction for occupation of each level,

Ξ =
∞

∑
n1=0

∞

∑
n2=0

×... × exp{β[n1(µ − ε1) + n2(µ − ε2) + ...]}= ∏
s

1
(1 − exp{β(µ − εs)})

,

(18.22)

because each sum in the left hand side represents a geometric series of the relevant variable.
The average number of particles occupying certain state, s, then is,

ns = kBT
(

∂lnΞ
∂µ

)
=

1
eβ(εs−µ) − 1

. (18.23)

This expression is known as Bose-Einstein statistics. The relation between the chemical
potential and the average number of particles in the entire system, then follows straight-
forwardly,

N = ∑
s

1
eβ(εs−µ) − 1

. (18.24)
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We do not elaborate the applications of Bose-Einstein statistics for the moment, however.
Recall now our discussion concerning a classical system where the energy levels are

distributed continuously and the average occupation of a level is much less than unity,
ns << 1. To get this limiting case from both the Fermi-Dirac and Bose-Einstein statistics,
the following inequality should hold,

eβ(εs−µ) >> 1. (18.25)

Then, the average occupancy of a state is,

ns = eβ(µ−εs), (18.26)

and represents Maxwell-Boltzmann statistics.
To summarize, we have derived rules of Fermi-Dirac (FD) and Bose-Einstein (BE)

statistics. The former, FD statistics, has been applied to derive some thermodynamics
properties of an ideal gas of fermions. On the other hand, the application of the BE
statistics is given in the following chapter.





19. Blackbody radiation

19.1 Ideal photon gas

To begin with, let us comment briefly the system we are dealing with. A photon gas is a
gas-like collection of photons, which has many of the same properties of a conventional
gas including pressure, temperature, and entropy. The most common example of a photon
gas at equilibrium is black-body radiation.

Photons are particles known as bosons, i.e. the particles that obey Bose-Einstein
statistics and that have integer spin momentum. In general, a single-component gas of
bosons is uniquely described by three variables such as the temperature, volume, and
the number of particles. However, for a black body radiation the energy distribution
is established by the interaction of photons with matter, usually with the walls of the
container. Within this setup, the number of photons is not conserved.

In a photon gas, there will exist an equilibrium distribution, but photons do not collide
with each other (except under extreme conditions), so the equilibrium distribution must
be established by other means. The most common way that an equilibrium distribution
is established is by the interaction of the photons with matter. A photon may collide
with an electron in the wall, exciting it to a higher energy state, removing a photon from
the photon gas. This electron may drop back to its lower level in a series of steps, each
one of which releases an individual photon back into the photon gas. If the photons are
absorbed and emitted by the walls of the system containing the photon gas, and the walls
are at a particular temperature, then the equilibrium distribution for the photons will be a
black-body distribution at that temperature.

Now proceed with thermodynamic arguments. It is known from electrodynamics, that
the equation of state for electromagnetic radiation is,

E = 3PV, (19.1)

where P = |P⃗|, and E is the energy of radiation. This equation does not contain the
temperature variable explicitly. Thus it is of interest if and how the internal energy density
E/V = 3P depends on temperature. As we know already, the pressure follows from
thermodynamic relation, P =−(∂A/∂V)T. For common ideal gas P(N,V, T) = (N/V)kBT.
However, for electromagnetic radiation, the number of particles is not fixed, so P = P(V, T).
The pressure should be an intensive variable, thus it cannot depend on V, and consequently
P = P(T). Therefore, using integration of just mentioned Maxwell relation for pressure,
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we obtain the Helmholtz free energy as,

A = −PV = −1
3

E. (19.2)

Now, we see that for classical electromagnetic radiation, the free energy is negative
and besides, it is proportional to the total energy. Since, A = E − TS and entropy is
S = −(∂A/∂T)V , we obtain the first-order differential equation,

A = −3A + T
(

∂A
∂T

)
V

. (19.3)

The solution of the equation above is,

A ∝ T4. (19.4)

Consequently, E ∝ T4 as well. Since the energy is extensive, E = 3P(T)V = const × VT4.
Conventionally, this dependence is written as,

E
V

= 4σ × 1
c

T4, (19.5)

where c is the velocity of light. The dependence of E on T4 is known as Stefan’s law. It is
important to note, that thermodynamics alone is unable to determine the proportionality
constant σ.

Final observation using thermodynamic relations is the following. The Gibbs free
energy, G, is,

G = A + PV = −PV + PV = 0. (19.6)

Since G = µN, we conclude that the chemical potential of electromagnetic radiation is
zero, µ = 0. Interpretation of this fact can be given in the spirit of mass action law. Since
radiation can be produced by vibrating atoms, the ”reaction” atom → atom + radiation is
allowed. However, the sum of chemical potentials on the two sides of a reaction should
be equal, therefore we conclude that the chemical potential for electromagnetic radiation
must vanish.

Let proceed to the statistical mechanical treatment now. To begin with, let us assume
that the energy states ε1, ε2, ... can be occupied by n1,n2, ... particles, where ni is any positive
integer, 0,1,2, ... (the state can be unoccupied as well). Recall, that the total number of
particles is not fixed.

For this case, the grand canonical partition function of the system is,

Q = ∑
n1,n2,...

e−βn1ε1−βn2ε2... = ∏
m
(

∞

∑
nm=0

e−βnmεm) = ∏
m

1
(1 − e−βεm)

. (19.7)

where the summation is performed over all energy states with arbitrary number of particles
in each state.

It makes possible to calculate the average energy as we have done in several occasions
in previous chapters,

< E >= −∂lnQ
∂β

= ∑
n

εn
1

eβεn − 1
. (19.8)

This expression matches the general formula, < E >= ∑ ε i < ni >, with < ni >= (eβεi −
1)−1 according to Bose-Einstein statistics at µ = 0. On the other hand, one can get the
pressure from,

P =
1
β

(
∂lnQ
∂V

)∣∣∣∣
T

. (19.9)
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To do that, consider a cubic volume, V = L3, and besides recall the relations involving
photons energy, momentum and wave vector, p = h̄k, ε = h̄ω, |p| = h̄ω/c (discretize the
wave vector as we did in chapter 8 for a particle in a cubic box). Then, εn = πh̄cn/L. Now
we are able to calculate pressure as follows (one can easily do that on his own),

P =
1
β

(
∂lnQ
∂εn

)(
∂εn

∂L

)(
∂L
∂V

)
=

1
3V

< E > . (19.10)

This result, < E >= 3PV, is identical to what was obtained solely from thermodynamic
arguments slightly above.

From the expression for the partition function, we can extract one more result. Namely,
because,

∂lnQ
∂εs

= −β
1
Q ∑

n1,n2,...
nse−βn1ε1−βε2... (19.11)

it follows that the average occupation number of the energy level with energy εs is,

ns =
e−βεs

1 − e−βεs
=

1
eβεs − 1

. (19.12)

The result is the so-called Planck distribution. Actually, it is the same result as we have
obtained for the BE statistics in the previous chapter, but for the particular case when the
chemical potential equals to zero.

Now, we would like to take advantage of the Planck distribution for the occupation
number of different states in order to get insight into the energy distribution of particles
in the system. To do that resort to the procedure described by Eqs. (18.8) and (18.9) of our
previous chapter 18. The number of quantum states within the element of momentum
space d3 p for the system with volume V is d3 pV/h3 (cf. Eq. (18.9)).

Then, the probable number of photons in the element of the wave vector space d3k per
unit volume is,

n(ε)(
d3 pV

h3 )
1
V

= f (k)d3k =
1

(eβh̄ω − 1)
d3k

(2π)3 . (19.13)

In essence, we prepared elements for the integration over relevant variables, rather than
the summation over energy states assuming that the system is macroscopic and energy
spectrum is continuous.

Equivalent, but more convenient for purposes of our study, equation for the energy
distribution function on the frequency of radiation (denote it as e(ω)), follows for the
result just above. First, it is necessary to mention that we are looking for the distribution
irrespective to the direction of the wave vector, i.e. dk = 4πk2dk = 4πω2dω/c3, because of
ω = ck. The photon energy is h̄ω, but one needs to take into account two directions of the
electric polarization of the wave, thus the energy distribution involves 2h̄ω rather than h̄ω.
With these preliminaries, the desired expression for the ε(ω) can be obtained as follows,

e(ω)dω =
4πω2dω/c3

(eβh̄ω − 1)
(2h̄ω) =

h̄
π2c3

ω3dω

(eβh̄ω − 1)
. (19.14)

Hence, the l.h.s. e(ω)dω is the energy density (per unit volume) resulting from photons of
a gas that have frequency in the interval, ω,ω + dω. It is the probabilistic function because
the Planck distribution is involved.

The r.h.s. of Eq. (19.14) has transparent meaning, it can be written as,

h̄
π2c3

ω3dω

(eβh̄ω − 1)
=

1
V
(h̄ω)n(ω)g(ω)dω, (19.15)
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where,

g(ω) =
V

π2c3 ω2, (19.16)

is the density of states. It provides the measure for integrating over energies. The number
of states between ω and ω + dω is g(ω)dω.

The plot of the distribution of energy of radiation is shown in Fig. 19.1. It shows
the function e(ω) versus h̄ω/kBT, denominated as the blackbody spectral distribution
function.

0 2 4 6 8 10 12

h
- ω/k

B
T

0

0.4

0.8

1.2

1.6

e
(
ω

)

µ

Fig. 19.1: Scaled blackbody spectral distribution function e(ω) on photon energy h̄ω in
kBT units.

One observes that the curve has a maximum at certain frequency, it can be found
straightforwardly from ∂e(ω)/∂ω. The maximum of radiation energy occurs at,

h̄ωmax

kBT
= 2.821439. (19.17)

This relation is known as Wein displacement law for the black body radiation. The
concluding remark at this point is that it is possible to determine the temperature of a
blackbody by observing the frequency of the maximum in the radiated intensity. In other
words, one has a method for the measurement of the temperature of a star or, for example,
of the cosmic background radiation.

The radiation frequency can be transformed into the wavelength, ω = 2πc/λ. For this
purpose, introduce the spectral distribution function of the wavelength,

e(λ)dλ = e(ω)

∣∣∣∣dω

dλ

∣∣∣∣dλ =
8πhc

λ5
1

ehc/λkBT − 1
dλ. (19.18)

The plot of this kind of distribution function on wavelength is given in Fig. 19.2.
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Fig. 19.2: Scaled blackbody spectral distribution function e(λ) on photon wavelength.

The wavelength of most intense radiation follows from Eq. (19.17) straightforwardly,

λmax = h̄c/(2.821439kBT). (19.19)

Obviously, the wavelength of most intense radiation is determined by the temperature.
To appreciate this result, let us mention that a black body source will irradiate ultravi-

olet light (with the wavelength ≈ 104 Å) at T = 14400K, visible light (with ≈ 3 × 103Å )
at T = 4800K and finally the radiowaves (with the wavelength 30m) at T = 4.8 × 10−5K.
Illustration of these trends of behavior is given in Fig. 19.3.
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Fig. 19.3: Radiation intensity of a blackbody on wavelength at different temperatures.

It is of interest to obtain the total energy density at a given temperature, by integration
over possible frequencies,

etot(T) =
∞∫

0

e(ω)dω =
h̄

π2c3

(
kBT

h̄

)4 ∞∫
0

x3

ex − 1
dx =

π2

15
(kBT)4

(ch̄)3 . (19.20)

Thus, etot(T) ∝ T4. This dependence is called the Stefan-Boltzmann law. It is worth noting
that the last equality in Eq. (19.20) follows from the representation of the integral in the
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form of Riemann zeta function. Now, we identify our result from Eq. (19.20) with Eq. (19.5),
etot(T) = E/V. Moreover, we see that the quantum statistical mechanics has provided the
proportionality factor, σ, that thermodynamics alone is unable to provide,

σ =
π2

60
k4

B

c2h̄3 . (19.21)

It is known as Stefan’s constant.
The heat capacity at constant volume follows straightforwardly for the result for energy

density,

CV =

(
∂ < E >

∂T

)∣∣∣∣
V
= 16σT3V/c. (19.22)

It tends to zero with T → 0, in agreement with the third law of thermodynamics. The
entropy can be evaluated as well,

S =

T∫
0

dT
′ CV(T

′
)

T′ =
16
3

σT3V/c. (19.23)

Finally, the total number of photons at a given temperature follows from,

N =
∫

dωg(ω)
1

(eβh̄ω − 1)
= 16πV

(
kBT
hc

)3

ζ3, (19.24)

where ζ3 = ζ(3) = 1.202. Interestingly, the entropy and N are proportional to each other,

S = 3.61kBN. (19.25)

Thus, each photon has 3.61kB of entropy. Note, that this entropy per photon is independent
of temperature. All these thermodynamic properties permit to discuss various aspects of
the properties of the cosmic microwave background [30], in comparison to the properties
of matter. In this text, however, we are mainly interested in the application of concepts of
statistical thermodynamics.



20. Tonks-Takahashi fluids

20.1 Tonks-Takahashi model fluid
In this chapter we consider one example of the calculation of the partition function by using
isothermal-isobaric ensemble. This application paves the way to further developments
tightly related to the theory of liquids that will become the subject of the following
chapters.

Let us recall that the partition function of the isobaric ensemble can be written as (cf.
Eq. (12.9) of chapter 12),

∆(P, T) =
1
v0

∞∫
0

dV(∑
i

e−βEi(N,V))e−βPV , (20.1)

that transforms into commonly used form, if the summation over energy levels is sub-
stituted by integration over momenta and coordinates, according to classical statistical
mechanics,

∆(P, T) =
1
v0

∞∫
0

e−βPVQN(V, T)dV, (20.2)

where v0 is the small element of volume, and QN is the partition function of the canonical
ensemble. Therefore, as commonly said, the partition function of isobaric ensemble is
the Laplace transform of the canonical partition function. Then the key issue is in the
evaluation of the latter explicitly, to perform next the desired transform.

Our attention here is in the classical description of the model fluid. Moreover, for the
sake of simplicity, the one-dimensional fluid model is under consideration. Therefore we
start from,

∆ =
1
l0

∞∫
0

dLe−βPLQN(L, T), (20.3)

Here, L is the one-dimensional counterpart of the volume of the system.
The canonical partition function can be written as follows,

QN(L, T) =
1

N!

(
2πmkBT

h2

)N/2

[qint(T)]
N ZN(L, T), (20.4)
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where, qint(T) is the partition function of internal degrees of freedom of a molecule except
of its kinetic energy describing center of mass motion. Most important is, however, the
form of the configurational partition function, ZN (cf. Eq. (12.9 ) in chapter 12),

ZN(L, T) =
L∫

0

...
L∫

0

dx1dx2...dxNe−βUN(x1,x2,...,xN), (20.5)

where UN is the potential energy of the inter-particle interactions, and xi is the coordinate
of a particle i.

Now, we would like to specify the inter-particle interactions. It is assumed that the
potential energy is the sum of pairwise short-range interactions of the form,

u(xij) =


∞, |xij| < a
ψ(xij), a < |xij| < λa.
0, |xij| > λa

(20.6)

Here, ψ(x) is rather arbitrary function (different choices are discussed slightly below), λ is
a number between 1 and 2. In this one-dimensional fluid a given particle interacts only
with its nearest neighbors. The next nearest neighbor is situated further away than 2a,
i.e. at a distance larger than the range of the potential. Thus, the potential energy of the
system of N particles consists of N − 1 terms and reads,

UN(x1, x2, .., xN) = u(x12) + u(x23) + ... + u(xN−1,N), (20.7)

where the abbreviation ij is used to denote xij = xi − xj.
However, according to the setup given in the Fig. 20.1, we have two more additional

terms, u(x01) and u(xN,N+1). The box length L is L = xN+1 − x0 − a. The volume limits
are established by x0 and xN+1 = L + x0 + a.
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Fig. 20.1: Tonks-Takahashi one-dimensional fluid of N particles confined to an interval
L = xN+1 − x0 − a. The limits of the system are determined by the same kind of particles
fixed at the coordinate x0 and xN+1, respectively [31].

With this kind of consideration, the auxiliary configuration partion function to the one
given by Eq. (20.4), can be written as follows,

ZN(x0, xN+1) = N!

xN+1∫
x0

dxN

xN∫
x0

dxN−1...
x3∫

x0

dx2

x2∫
x0

dx1e−β[u(x12)+u(x23)+...+u(xN−1,N)]

×e−β[u(x10)+u(xN+1,N)].

(20.8)

where x0 ≤ x1 ≤ x2... ≤ xN ≤ xN+1. This kind of ordering of independent integration can
be performed because of the assumption of interactions between nearest neighbors only.
In spite of simplifications discussed above, explicit evaluation of ZN(L, T) as a function of
L is not straightforward.
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Let us attempt it. To perform integrations, introduce first new variables, yj = xj − x0 −
ja (j = 1,2, ..., N + 1). Then the auxiliary partition function of the Tonks-Takahashi gas
becomes as follows,

ZN(yN+1) = N!

yN+1∫
0

dyN g1(yN+1,N)

yN∫
0

dyN−1k(yN,N−1)...

y3∫
0

dy2k(y32)

y2∫
0

dy1k(y21)g(y1),

(20.9)

where we introduced notation for the Boltzmann factor, k(yij) = exp[−βu(yij)], yij =
yi − yj. The only Boltzmann factors distinguished within this notation, is for the particles,
0 and N + 1, providing boundaries for the system, g1(yN+1,N) = exp[−βu(yN+1,N)] and
g(y1) = exp(−βu(y1,0)) These functions are distinguished, because later we will put the
corresponding potentials equal to zero. It is obvious that Eq. (20.8) has the form of an
iterated convolution integral. Therefore the Laplace transform method can be used (the
Laplace transform of each convolution integral is the product of Laplace transforms of
the functions involved in the convolution, see the supplement to this chapter below). The
Laplace transform of the function given by Eq. (20.8) is,

∞∫
0

dyN+1e−syN+1 ZN(yN+1) = N! g1(s)[k(s)]N−1g(s). (20.10)

Now, we would like to adjust this result to the calculation of the partition function of
the isobaric ensemble according to Eq. (20.3). It requires integration of the form,

∞∫
0

dLe−βPLZN(L, T). (20.11)

Therefore, we replace yN+1 by L in Eq. (20.9). However, the value for L is assumed such,
that the N + 1 particle is excluded from the definition of the volume of the system, or in
other words the interaction uN+1,N is not present. Hence,

ZN(L, T) = N! [k(s)]N−1g(s). (20.12)

On the other hand, the interaction u10 = u(y1,0) should not be present as well, because
the particle with the number 0 is fictitious, it serves only to define the beginning of
the coordinate axis. Thus, in the gas we deal with, u10 = u(y1,0) = 0, and besides the
coordinate y1 (recall it is defined as y1 = x1 − x0 − a) should be positive. Consequently,
we take g(y) in the form of the Heaviside function,

g(y) =
{

0, y < 0,
1, y ≥ 1,

(20.13)

that has the Laplace transform, g̃(s) = ecs/s with c = 0. The Laplace variable is βP
according to Eq. (20.10). Then, the desired partition function is,

∆(P, T) =
1
l0

(
2πmkBT

h2

)N/2

[qint(T)]
N 1

βP
[k̃(βP)]N−1, (20.14)

where the specific form of the Laplace transform,

k̃(βP) =
∞∫

0

dte−βPt−βu(t), (20.15)

depends on the model of inter-particle interactions u(t).



156 Chapter 20. Tonks-Takahashi fluids

However, first consider more general relations. The chemical potential of the fluid in
question follows from the thermodynamic relation,

µ = −kBT
(

∂ln∆
∂N

)
P,T

. (20.16)

Then,

µ = µid − kBT ln(k̃(βP)), (20.17)

with the ideal contribution,

µid = −kBT ln

[(
2πmkBT

h2

)1/2

qint(T)

]
. (20.18)

The equation of state of the one-dimensional fluid involving density of particles can be
obtained from the Gibbs-Duhem equation,

n−1 =

(
L
N

)
=

(
∂µ

∂P

)
T

. (20.19)

Now, consider a few specific cases. The simplest one is the hard-rod fluid in which
the particles do not interpenetrate each other and possible interparticle attraction is ab-
sent, i.e. ψ(x) = 0 the equation determining the interaction potential. Then, k̃(βP) =
exp(−βPa)/βP, and inserting this result into Eq. (20.17), one obtains the chemical poten-
tial as follows,

µ = µid + kBT ln(βP) + Pa. (20.20)

It is the µ − P projection of the equation of state for hard-rod fluid. The P − n projection
of the equation of state follows from Eq. (20.18 ). It yields,

P =
nkBT

1 − na
=

NkBT
L − Na

. (20.21)

This result differs from the EOS of one-dimensional ideal gas, P = NkBT/L, due to
accounting for the particles’ dimension or say excluded volume effects.

Two, more sophisticated examples include the effects of interparticle attraction. Namely,
the one-dimensional square-well model fluid is determined by ϕ(x) = −ε. The Laplace
transform of the interaction potential in this case is,

k̃(βP) =
1

βP

[
e−βPa+βε + (1 − eβε)e−βλa)

]
. (20.22)

This model has the following projections of the EOS,

µ = µid + kBT ln(βPa) + Pa − ε ln
[
eβε + (1 − eβε)e−βP(λ−1)a

]
, (20.23)

and

1/n = a +
1

βP
+

(λ − 1)a(1 − eβε)e−βP(λ−1)a

eβε + (1 − eβε)e−βP(λ−1)a
. (20.24)

Finally, one can obtain similar set of results for the model with triangular attraction,

ψ(x) = −ε
(λa − x)
a(λ − 1)

. (20.25)
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The Laplace transform necessary to calculate thermodynamic properties then is,

k̃(βP) =
e−βPλa

βP
+

e−βPa − e−βPλa

βP + βε/((λ − 1)a)
. (20.26)

We do not elaborate this model in further details for brevity and because qualitatively new
features are not observed comparing to square well fluid.

These two types of projections of the EOS for square-well and triangle-well pair
potentials are shown in Fig. 20.2. The density - pressure curve is monotonic for all three
models. This means that in spite of the presence of inter-particle attraction in two latter
models, no liquid-vapor transition (this would result in non-monotonous behavior) occurs.
This feature illustrates what is known as van Hove theorem: a one dimensional fluid
cannot undergo a phase transition, if the interparticle interaction is of finite range [32]!
(Recall our previous discussions in subsection 15.3 concerning one-dimensional Ising

model and implications for the possibility of phase transitions [10]). However, this
statement does not discard that anomalous behavior of some thermodynamic properties
(recall the density anomaly and other anomalies of real water and within various models)
can be observed in one-dimensional models.
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Fig. 20.2: Panel a: Density - pressure projection of the EOS for one-dimensional models
of this chapter. Panel b: Chemical potential - pressure projection of the EOS for one-
dimensional models of this chapter. For the square-well and triangle-well pair potentials
βε = 2, and λ = 2.0.

Exercise 20.1 Calculate the Laplace transform k̃(βP) according to Eq. (20.14) for the
model with the square-well square shoulder potential (it may have thermodynamic
anomalies),

u(x) =


∞, x < a
ε1, a < x < aλ1
−ε2, aλ1 < x < aλ2
0, x > aλ2.

(20.27)

Just insert this potential into the definition of the Laplace transform and make necessary
integrations. The results can be put into the expression for the chemical potential and
then the equation of state can be obtained. ■

Interestingly, the primitive models explored in this chapter have been studied in con-
text of inhomogeneous one dimensional fluids and within the grand canonical ensemble
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procedure, see e.g. the works of H.T. Davis [31], P.A. Monson [33].



21. Partition function of nonideal systems

21.1 Partition function of nonideal classical system of particles
In this chapter we turn our attention to the calculation of partition function and thermo-
dynamic properties of a classical non-ideal system of particles. The Hamiltonian of the
classical one-component system we are dealing with is,

H(p,q) =
3N

∑
i=1

p2
i

2m
+ UN(q1,q2, ...,qN), (21.1)

where pi are the Cartesian components of the momenta of particles and UN is the potential
energy of interactions,

UN(q1,q2, ...,qN) =
N

∑
i,j=1(i<j)

u(qi,qj), (21.2)

consisting of pair interaction potentials dependent on the coordinates of particles.
The partition function of this system within the canonical ensemble setup (N,V, T) is,

QN(V, T) =
1

N!(2πh̄)3N

∫
...
∫ 3N

∏
i=1

dpidqi e−βH(p,q). (21.3)

If the system is ideal, i.e. UN = 0, the partition function of a classical ideal gas is obtained
straightforwardly,

Q(id)
N (V, T) =

VN

N!(2πh̄)3N (2πmkBT)3N/2. (21.4)

It can be conveniently expressed in terms of the de Broglie wave length, λ= h/(2πmkBT)1/2,
Q(id)

N (V, T) = (V/λ3)N/N!. Then, all thermodynamic properties follow from the Helmholtz
free energy, A = −kBT ln Q(id)

N (V, T).
Our interest is, however, in the nonideal system of interacting particles in which

UN ̸= 0. In this case exact expression for the partition function cannot be obtained and
one needs to resort to approximate methods of calculation of the configurational partition
function, QN defined as,

QN(V, T) = Q(id)
N (V, T)ZN , (21.5)
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where,

ZN =
1

VN

∫
V

...
∫
V

(
N

∏
i=1

d3qi) e−βUN(q1,q2,...,qN). (21.6)

Most easily, the results can be achieved, if one restricts the study to a dilute gas. To be
specific, let us consider a system at rather high temperature to use Boltzmann statistics
for a classical system. In addition, suppose that the average distance between particles is
much larger than the radius of action of interparticle interactions, r0,

< r > >> r0. (21.7)

The average inter-particle distance is related to the gas density, n = N/V,

4π

3
< r >3=

V
N

=
1
n

. (21.8)

In order to justify the application of classical statistics, we would like to provide
estimates of the characteristics of real gases in Table 21.1. The triple point temperature,
Ttr(K) (it is the temperature where three phases, solid, liquid and gas coexist) is presented
to give an idea how far is the room temperature from such conditions, next the de Broglie
thermal wave length is calculated and the average inter-particle separation in a gas is
evaluated from the experimental density.

Table 21.1: Characteristics of noble gases.

System Ttr(K) λ (Å) λ/ < r >
Ne 24.4 0.78 0.26
Ar 84 0.30 0.083
Kr 116.6 0.176 0.046
Xe 161.3 0.120 0.029

It can be seen that except Ne, classical treatment is entirely satisfactory and the quan-
tum corrections are small.

If the system in question is dilute, we deal with the case,

n <<
3

4πr3
0

, (21.9)

For illustrative purposes, recall the form of the Lennard-Jones (12-6) inter-particle interac-
tion from chapter 6,

u(r) = 4ε

[(σ

r

)12
−
(σ

r

)6
]

, (21.10)

where σ and ε are the parameters of the potential that describe the diameter of particles
and the strength of pair interaction. The parameter σ corresponds to u(σ) = 0 whereas the
minimum of the potential is at rmin = 21/6σ.

The Lennard-Jones potential is well suited to describe the properties of the noble gases
referred also as the inert gases. Various sets of parameters can be found in scientific litera-
ture, see the Table 21.2 below and the following reference for a more detailed description:
How well does the Lennard-Jones potential represent the thermodynamic properties of
noble gases?, by G. Rutkai et al., [34].

Usually, the effects of the long-range tail of the potential are neglected. In other words,
certain cut-off distance is assumed while developing theoretical constructions or applying
computer simulation procedures. Common cut-off distance value is at 3σ or say at
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Table 21.2: Parameters of the Lennard-Jones potential for noble gases.

Gas σ (nm) ε/kB (K)
He 0.2628 5.465
Ne 0.2775 36.831
Ar 0.3401 116.81
Kr 0.3601 164.56
Xe 0.4055 218.18

≈ 10Å. Consequently, the condition of dilute system given by Eq. (21.9) is n << 1021cm−3.
However, real gases at normal conditions are characterized by the density of the order
≈ 1019cm−3 (this estimate can be easily obtained by taking tables of density of gases and
their molar mass values). Thus real gases satisfy the definition of the system being dilute.

In order to get insight into physical consequences of this situation, we would like
to make the following comments. The probability that two particles interact between
themselves, is in fact the probability that we find them inside the sphere determined by the
radius of interaction potential. If one neglects the influence of a particle on the coordinate
of the other one, i.e. two particles are independent, the desired probability would become
the product of finding both particles in the sphere with the volume 4π < r0 >3 with respect
to the volume each of the particles occupy in the system, i.e. w.r.t. 4π < r >3. Thus, it
is proportional to (r3

0/ < r >3)2 for pair interaction or say for possible pair collisions.
Along this line of thinking we can claim that the probability that three particles interact
or ”collide” simultaneously is proportional to (r3

0/ < r >3)3. However, in a dilute regime,
(r3

0/ < r >3)2 >> (r3
0/ < r >3)3 evidently. Hence, while calculating the configurational

partition function, we will neglect the terms describing configurations with triplets of
closely situated particles and higher order terms.

Proceed to the explicit evaluation of QN by using Eq. (21.6). To do that, explore the
integrand of Eq. (21.6), and write it as follows,

exp{−βUN(q1,q2, ...,qN)} = exp

−β
N

∑
i,j=1(i<j)

u(qi,qj)

 = ∏
1≤i<j≤N

e−βu(qi ,qj). (21.11)

The last equality in the r.h.s. of this equation is the product of N(N − 1) factors, each de-
pends on the coordinates of two particles. The problem while dealing with the Boltzmann
factors of the type exp{−βu(rij)} is that it tends to unity as the potential tends to zero at
large inter-particle separation, thus the integration to infinity (i.e. over the macroscopic
volume is problematic). Therefore, for the sake of convenience introduce the so-called
Mayer functions via the relation,

fij = f (qi,qj) = exp{−β[u(qi,qj)]} − 1. (21.12)

The Mayer functions are finite at all inter-particle distances and tend to zero at infinite
separation of two particles (see Fig. 21.1).
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Fig. 21.1: The interaction potential and the corresponding Mayer function.

Then, the configurational partition function is,

ZN =
1

VN

∫
V

...
∫
V

(
N

∏
i=1

d3qi)
N

∏
i<j

(1 + fij). (21.13)

To be more explicit, this equation is,

ZN =
1

VN

∫
V

...
∫
V

dq1dq2...dqN{1+∑
i<j

fij +∑∑ fij fkn +∑∑∑ fij fkn frt + ...}, (21.14)

where the integrand is the series of terms each containing products of sums with increasing
degree of complexity. Each of the terms in the r.h.s. can be integrated over the variables
that are not involved in the indices of the Mayer functions to yield,

ZN = 1 +
1

V2 ∑
i<j

∫
V

∫
V

dqidqj fij +
1

V4 ∑
i<j

∑
k<n

∫
V

∫
V

∫
V

∫
V

dqidqjdqkdqn fij fkn + .... . (21.15)

Let us consider the most simple integral with a single Mayer function,∫
V

∫
V

dqidqj fij =
∫
V

∫
V

d3qid3qj f (|qi − qj|). (21.16)

The Mayer function depends on the absolute value of the difference between coordinates
only because the system is homogeneous and isotropic. Moreover, the integral does not
depend on the particles’ numbers because the Mayer function is the same for any pair of
particles.

Let us make a coordinate transformation, qi = q
′
+ q and qj = q. Jacobian of such

transformation is unity. Then,∫
V

∫
V

d3qid3qj f (|qi − qj|) = V
∫
V

d3q
′
f (|q′ |). (21.17)

We can introduce notation,

β1 =
∫
V

d3q f (|q|) =
∫
V

d3q(e−u(|q|)/kBT − 1) (21.18)

called as the first irreducible integral. Because the Mayer function is practically zero for
inter-particle distances larger than the range of the potential, r0, the integral β1 is the
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function of temperature but does not depend on the volume. Returning to Eq. (21.15), we
observe that the number of such types of terms yielding β1 is N(N − 1)/2.

Next, consider the integral that involves a product of two Mayer functions, cf. Eq. (21.15),

∫
V

∫
V

∫
V

∫
V

dqidqjdqkdqn fij fkn (21.19)

If there are no coinciding indices between two pairs, the integration will lead to the term
V2β2

1. There exists a possibility that one of the indices in two pairs coincides, e.g. j = k or
j = n or i = n (recall that fij = f ji). Then, the term above reduces to,

V
∫
V

∫
V

∫
V

dqidqjdqn fij f jn. (21.20)

Let apply, change of coordinates such that qj is at the origin of coordinate system, e.g.

qi = q + qj; qn = q
′
+ qj; qi = qj. (21.21)

The Jacobian of this linear transformation is unity. Then,

V
∫
V

∫
V

∫
V

d3qid3qjd3qn fij f jn = V
∫
V

∫
V

∫
V

d3qd3q
′
d3qj f (|q|) f (|q′ |),

= V2
∫
V

∫
V

d3qd3q
′
f (|q|) f (|q′ |). (21.22)

Thus, we obtain V2β2
1 again.

Next order term in Eq. (21.9) contains the product of three Mayer functions. Then, it
can happen that some integrals cannot be reduced to the product of β1. As an example,
consider the following term,∫

V

∫
V

∫
V

d3q1d3q2d3q3 f12 f13 f23. (21.23)

This integral will be non-zero only if the following inequalities are satisfied, |q1 − q2|< r0,
|q1 − q3| < r0 and |q2 − q3| < r0, i.e. when three particles collide or in other words are
situated inside the sphere of radius r0 simultaneously. However, as we discussed above,
such events in a dilute system are rare and will be neglected. So, in fact we assume that all
terms in the entire series given by Eq. (21.9) can be expressed in terms of β1, if the system
in question is dilute.

The number of equal terms for each order of the expansion is calculated straightfor-
wardly. Namely, if we need to pick up a pair from the number of pairs N(N − 1)/2) (for
the term with the product of two Mayer functions), the number of terms is,[

N(N−1)
2

]
!

2!
[

N(N−1)
2 − 2

]
!
=

1
2!

[
N(N − 1)

2

][
N(N − 1)

2
− 1
]

. (21.24)

Next, we will need to pick up three pairs of the total number of pairs (for the term with
the product of three Mayer functions), i.e.,[

N(N−1)
2

]
!

3!
[

N(N−1)
2 − 3

]
!
=

1
2!

[
N(N − 1)

2

][
N(N − 1)

2
− 1
][

N(N − 1)
2

− 2
]

. (21.25)
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Recall, that thermodynamic limit, N → ∞, V → ∞ with n = N/V = const should be
performed.

Then, the configuration partition functions with the assumed approximations, attains
the final form,

ZN = 1 +
N2

2V
β1 +

1
2

(
N2

2V

)2

β2
1 +

1
3!

(
N2

2V

)3

β3
1 + ... = exp

(
N2

2V
β1

)
. (21.26)

Inserting this expression into the partition function given by Eq. (21.5), one obtains the
Helmholtz free energy of a dilute nonideal system as,

A = Aid − NkBT × N
2V

β1(T). (21.27)

This expression leads to the equation of state,

P = −
(

∂A
∂V

)∣∣∣∣
N,T

= Pid −
N2kBT

2V2 β1, (21.28)

with Pid = NkBT/V.
What kind of physics we have obtained with this result? In order to make one step

further, it is necessary to choose the model of inter-particle potential and to calculate the
first irreducible integral, β1. Consider a model potential of the form,

u(r) =
{

∞, r ≤ d
− ζ

r6 , r > d
. (21.29)

The model includes a hard-core repulsion and an attractive term mimicking attractive tail
of the Lennard-Jones interaction potential. The strength of attraction is determined by the
value of the parameter ζ. Concerning the strength of attraction we assume that,

|umin|
kBT

<< 1. (21.30)

The reason of doing that is to avoid the possibility of condensation expected upon cooling
the system. This restriction is consistent with the assumption that the system is dilute or
say theoretical result is not designed to capture transformation of the system into dense
phase.

Let us evaluate β1 now,

β1 = 4π

∞∫
0

drr2(e−u(r)/kBT − 1) = −4π

3
d3 + 4π

∞∫
d

drr2(e−u(r)/kBT − 1). (21.31)

Our assumption from Eq. (21.29) permits to make series expansion of the Boltzmann
multiplier, exp(−u(r)/kBT), and keep two terms only. Then,

β1 = −4π

3
d3 +

4π

3kBT
ζ

d3 . (21.32)

In summary, our equation of state is,

P =
NkBT

V
+

2π

3
N2

V2 d3kBT − 2π

3
N2

V2
ζ

d3 . (21.33)

Interestingly, this equation of state has similarity with the seminal van der Waals equation
of state (vdW EOS),(

P +
N2

V2 a
)
(V − Nb) = NkBT, (21.34)
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where a and b are the parameters of the equation of state. To illustrate this similarity, let
us rewrite the vdW EOS as follows,

P =
NkBT

V − Nb
− N2

V2 a =
NkBT/V(
1 − N

V b
) − N2

V2 a. (21.35)

Next, we would like to adjust this result to dilute fluid system, or in other words to take
into account that Nb/V << 1. Then Eq. (21.34) takes the form,

P =
NkBT

V
+

N2

V2 (kBTb − a). (21.36)

Thus, from the comparison of Eqs. (21.35) and (21.32), we see that,

b =
2π

3
d3, a =

2π

3
ζ

d3 . (21.37)

Consequently, the parameter b is four times the volume of a particle. In order to establish
meaning of the parameter a, let us note that,

2a = 4π

∞∫
d

drr2 ζ

r6 . (21.38)

Therefore, a is one half of the energy of attractive interaction of the model.
Finally, let us make summarizing comments. The starting expression for the configu-

rational partition function given by Eq. (21.15) is exact. Next, however, for pedagogical
reasons we attempted approximate calculation of QN by assuming that the system is
dilute to obtain the free energy and arrive at the result for the equation of state given in
Eq. (21.28). Here, it is important to mention that there exist more sophisticated methods to
calculate the configuration partition function without resorting to the assumption of dilute
system (see e.g. Terrell L. Hill, Statistical Mechanics [35]). As a result of the application
of this, so-called methodology of Mayer cluster expansions, general expression for the
equation of state for non-ideal system can be obtained in the form,

PV
NkBT

= 1 +
1
V

B2(T) +
1

V2 B3(T) + ... , (21.39)

where B2(T), B3(T), . . . , are the second, the third and following virial coefficients. We
can identify our result in Eq. (21.28) with the second virial coefficient B2(T). The virial
coefficients of different order are reported for several substances in e.g. Refs. [7, 36].
The equation of state in the form of the virial expansion (see Eq. (21.39)) starting from
Eq. (21.15) for the configuration of partition function is derived in Appendix 26.8.

However, as an attractive alternative for the calculation of the partition function, the
method of the distribution functions of the theory of liquids has been developed. This
issue is the subject of the following chapters.

Exercise 21.1 Using the free energy of the system, obtain the expressions for the
chemical potential and entropy of the model with β1 from Eq. (21.31). ■





22. Elements of the theory of liquids

22.1 Distribution functions in the theory of liquid state of matter
Our interest in this chapter is to introduce the concept and applications of distribution
functions (sometimes they are called as the correlation functions) that describe the proba-
bility density of the coordinates of certain groups of particles with arbitrary distribution
of all other particles of the system.

The probability density of the coordinates of all N particles in the system follows from
the integration of the distribution function of the canonical ensemble by integration over
all momenta,

WN(q1,q2, ...,qN) =
1

ZN

∫
...
∫
(

N

∏
i=1

d3 pi)exp{−βE(.., p, ..,q, ..)}, (22.1)

where ZN is the partition function of the canonical ensemble and E(.., p, ...,q, ..) is the sum
of the kinetic and potential energy of the N-particle system under study. The function WN
is too informative and one can search for a kind of reduced description. For this purpose,
let us integrate the function above over the coordinates of all particles numbered from
s + 1 to N,

Ws(q1,q2, ...,qs) =
∫
V

...
∫
V

d3qs+1...d3qNWN(q1,q2, ...,qN). (22.2)

This function provides the probability that the first particle is in the infinitesimal volume
around q1, the second around q2, etc. and finally, the s-th particle at qs. However, the
application of this kind of functions is not convenient. Namely, the probability to find
one particle in the infinitesimal volume in the system with macroscopic volume V is 1/V.
Thus, the function Ws will be of the order 1/Vs. Therefore, we introduce the s-order
distribution function, Fs, as follows,

Fs(q1,q2, ...,qs) = VsWs(q1,q2, ...,qs) = Vs
∫
V

...
∫
V

d3qs+1...d3qNWN(q1,q2, ...,qN). (22.3)

Using this equation and the definition of WN from Eq. (22.1), one obtains the normalization
condition for the function of any order,

1
Vs

∫
V

...
∫
V

d3q1...d3qsFs(q1,q2, ...,qs) = 1. (22.4)
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Moreover, the recursion formula between the functions of different order can be obtained.
For example, consider the numbers n and s such that n < s. Then,

1
Vn Fn(q1,q2, ...,qn) =

1
Vs

∫
V

...
∫
V

d3qn+1...d3qsFs(q1,q2, ...,qs). (22.5)

In fact, instead of these two general relations, it is sufficient to use the ones for the lowest
order functions,

1
V

∫
V

d3qF1(q) = 1, (22.6)

and,

Fs−1(q1, ...,qs−1) =
1
V

∫
V

d3qsFs(q1, ...,qs). (22.7)

Concerning trends of behavior of the functions Fs(q1, ...,qs), one can deduce certain
peculiarities intuitively, based on physical arguments and the properties of the probability.
Specifically, let us imagine that all the particles in the system do not interact. Then, the
probability to find a group of particles in certain positions would convert into the product
of probabilities to find each particle in a specific position. In mathematical terms it can be
written as,

Ws(q1,q2, ...,qs) =
s

∏
i=1

W1(qi). (22.8)

Consequently,

Fs(q1,q2, ...,qs) =
s

∏
i=1

F1(qi). (22.9)

In reality, the particles do not interact between themselves only if they are substantially
separated. Hence, the condition above in Eq. (22.9) is fulfilled if,

lim
|qi−qj|→∞

Fs(q1,q2, ...,qs) =
s

∏
i=1

F1(qi), i ̸= j, i, j = 1,2, .., s, (22.10)

Consequently, the difference,

Fs(q1,q2, ...,qs)−
s

∏
i=1

F1(qi), (22.11)

is the measure of correlations in the particles’ coordinates due to interparticle interactions.
If the system is homogeneous, then all the coordinates of a particle are equiprobable,

W1(q) =
1
V

, (22.12)

and the one-particle distribution function is,

F1(q) = 1. (22.13)

The second-order, or the pair distribution function of the system in which the inter-particle
potential depends only on the distance between particles is,

F2(q1,q2) = F2(|q1 − q2|). (22.14)
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This function is of primordial importance for the description of properties of homogeneous
fluids.

To show that, consider the potential energy of the system,

UN(q1,q2, ...,qN) =
N

∑
i,j=1(i<j)

u(|qi − qj|), (22.15)

and calculate its average value,

< UN > =
1

ZN

∫
...
∫
(

N

∏
i=1

d3 pi)(
N

∏
i=1

d3qi)∑
i<j

u(qi,qj)e−βE(p,q),

=
∫

...
∫
(

N

∏
i=1

d3qi)∑
i<j

u(|qi − qj|)WN(q1,q2, ...,qN),

=
1

V2 ∑
1≤i<j≤N

∫
V

∫
V

d3qid3qju(|qi − qi|)F2(|qi − qj|). (22.16)

All the integrals under the sign of sum are equal, therefore,

< UN >=
N(N − 1)

V2

∫
V

∫
V

d3qid3qju(|qi − qi|)F2(|qi − qj|). (22.17)

This equation permits further simplification. Namely, by transformation of coordinates (cf.
previous Lecture 20) one obtains,

< UN >=
N(N − 1)

V

∫
V

d3qu(|q|)F2(|q|). (22.18)

Next passing to spherical coordinates and performing thermodynamic limit, the final form
of the result is,

< UN >= 2π
N2

V

∞∫
0

drr2u(r)F2(r). (22.19)

The left hand side is the internal energy of the system and the equation above is called as
the energy equation. It expresses the internal energy of one-component fluid in terms of
the interaction potential and the pair distribution function.

It seems profitable to obtain the free energy in terms of the pair distribution function
rather than the internal energy. To do that, apply the so-called ”charging” procedure. Let
consider a system in which the potential energy UN is substituted by the potential energy
λUN , where λ is a dimensionless parameter. Then the configurational partition function
ZN changes into ZN(λ) such that,

A(λ) = Aid − kBT ln ZN(λ) = Aid − kBT ln{ 1
VN

∫
V

...
∫
V

(
N

∏
i=1

d3qi)e−βλUN}. (22.20)

The derivative of the free energy by λ is,

∂A(λ)

∂λ
=

1
VNZN(λ)

∫
V

...
∫
V

(
N

∏
i=1

d3qi) UNe−βλUN . (22.21)

The r.h.s. of the equation is in fact the average potential energy calculated with the
distribution exp(−βλUN),

< UN >λ=
1

VNZN(λ)

∫
V

...
∫
V

(
N

∏
i=1

d3qi) UNe−βλUN , (22.22)
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Thus, Eq. (22.21) is,

∂A(λ)

∂λ
=< UN >λ . (22.23)

One should take into account the boundary conditions for this differential equation,

A(λ)|λ=0 = Aid; A(λ)|λ=1 = A. (22.24)

Then, integrate the differential Eq. (22.23) to get,

A = Aid +

1∫
0+

dλ < UN >λ . (22.25)

However, the internal energy of the system follows from Eq. (22.19). Therefore, the free
energy can be written as,

A = Aid + 2π
N2

V

1∫
0+

dλ

∞∫
0

drr2u(r)F2(r;λ), (22.26)

where the pair distribution function F2(r;λ) is for the system with the potential energy
λUN . In conclusion, the calculation of the free energy of a given system requires calculation
of the pair distribution function for a set of systems with different degree of switching on
the inter-particle interactions to perform integration over λ.

The final part of this chapter is dedicated to the calculation of the equation of state of
a fluid in terms of the pair distribution function. The pressure follows from the Helmholtz
free energy,

P = −
(

∂A
∂V

)∣∣∣∣
N,T

= Pid + kBT
(

∂ ln ZN

∂V

)
, (22.27)

with the configurational partition function,

ZN =
1

VN

∫
V

...
∫
V

(
N

∏
i=1

d3qi) exp{−β∑
i<j

u(|qi − qj|)}. (22.28)

It is worth noting that the volume change can be induced by the rescaling multiplier, i.e.
instead of q let us use the coordinate q̃ = ξq. Then, Ṽ = ξ3V, d3q̃ = ξ3d3q. The partition
function of the system with rescaled coordinates, ZN(ξ), is,

ZN(ξ) =
1

ṼN

∫
Ṽ

...
∫
Ṽ

(
N

∏
i=1

d3q̃i)exp{−β∑
i<j

u(|q̃i − q̃j|)},

=
1

VN

∫
Ṽ

...
∫
Ṽ

(
N

∏
i=1

d3qi)exp{−β∑
i<j

u(ξ|qi − qj|)}.

(22.29)

The initial value of the configurational partition function would be recovered by putting
ξ = 1 at the end of the procedure. In other words what we will do is to use the expression
given by Eq. (22.29) as follows,

P = Pid + kBT
[

1
ZN(ξ)

(
∂ZN(ξ)

∂Ṽ

)]∣∣∣∣
ξ=1

, (22.30)

where

P = Pid + kBT
1

ZN

[(
∂ZN(ξ)

∂ξ

)(
dξ

dṼ

)]∣∣∣∣
ξ=1

. (22.31)
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Because, dξ/dṼ = ξ/3Ṽ, then

P = Pid +
kBT
ZN

1
3V

(
∂ZN(ξ)

∂ξ

)∣∣∣∣
ξ=1

. (22.32)

Let us calculate the auxiliary derivative,

∂ZN(ξ)

∂ξ
=

1
VN

∫
Ṽ

...
∫
Ṽ

(
N

∏
i=1

d3qi)
∂

∂ξ
exp{−β∑

i<j
u(ξ|qi − qj|)}

=

(
−β

VN

)
∑

1≤i<j≤N

∫
Ṽ

...
∫
Ṽ

(
N

∏
i=1

d3qi)(|qi − qj|)
u(ξ|qi − qj|)

∂ξ
exp{−β∑

i<j
u(ξ|qi − qj|)}

=

(
−βN(N − 1)

2VN

)∫
Ṽ

...
∫
Ṽ

(
N

∏
i=1

d3qi)(|q1 − q2|)
∂u(ξ|q1 − q2|)
∂(ξ|q1 − q2|)

exp{−β∑
i<j

u(ξ|qi − qj|)}.

(22.33)

With this result, the pressure becomes,

P = Pid −
N(N − 1)
2VNZN

1
3V

∫
V

...
∫
V

(
N

∏
i=1

d3qi)(|q1 − q2|)u
′
(q1 − q2|)e−βUN , (22.34)

where(
∂u(ξ|q1 − q2|)
∂(ξ|q1 − q2|)

)∣∣∣∣
ξ=1

= u
′
(q1 − q2|). (22.35)

However,

1
VNZN

∫
V

...
∫
V

d3q3...d3qNe−βUN =
1

V2F2(q1,q2). (22.36)

Thus,

P = Pid −
N2

2V2
1

3V

∫
V

∫
V

d3q1d3q2(|q1 − q2|)u
′
(q1 − q2|)F2(q1,q2). (22.37)

The system is homogeneous, consequently we introduce the notation F2(q1,q2) =F2(|q1 −
q2|) = F2(r), and make transformation to spherical coordinates to obtain,

P = Pid − 2π
N2

3V2

∞∫
0

drr3u
′
(r)F2(r). (22.38)

We observe, that the pressure depends on the derivative of the interaction potential rather
than on the potential itself as it is in the energy equation. The equation for pressure
given above is called the virial equation of state as it involves the force expressed by
the derivative of the potential multiplied by the inter-particle distance, this product is
”weighted” by the pair distribution function describing average over the system’s volume.

Utility of the results of this chapter are intrinsically related with the ability to calculate
the pair distribution function, this issue is considered in the following chapter.





23. Distribution functions

23.1 Integro-differential equation for the distribution functions
Utility of the concept of distribution functions is in fact determined by the ability to
determine them. This task is formally equivalent to the calculation of the configurational
partition function but possibly may be somewhat easier.

We will start our development from the definition of the distribution function,

Fs(q1,q2, ...,qs) = Vs
∫
V

...
∫
V

d3qs+1...d3qNWN(q1,q2, ...,qN). (23.1)

Then, let us take derivative of this equation by the coordinate of any particle that is
fixed on the l.h.s. for example by the component α of q1,

∂Fs

∂q(α)1

= − Vs

kBT

∫
V

...
∫
V

d3qs+1...d3qN

(
∂UN

∂q(α)1

)
WN(q1,q2, ...,qN). (23.2)

The potential energy of the entire system of particles,

UN(q1,q2, ...,qN) = ∑
1≤i<j≤N

u(qi,qj), (23.3)

can be written as the sum of three contributions to separate the groups of particles
involving q1, namely,

UN(q1,q2, ...,qN) = ∑
1<j≤s

u(q1,qj) + ∑
s<j≤N

u(q1,qj) + ∑
2≤i<j≤N

u(qi,qj). (23.4)

Only the first two terms are involved in the differentiation in Eq. (23.2). Thus,

∂UN

∂q(α)1

= ∑
1<j≤s

∂u(q1,qj)

∂q(α)1

+ ∑
s<j≤N

∂u(q1,qj)

∂q(α)1

. (23.5)

Consequently, Eq. (23.2) becomes,

∂Fs

∂q(α)1

= − Vs

kBT ∑
1<j≤s

∂u(q1,qj)

∂q(α)1

∫
V

...
∫
V

d3qs+1...d3qNWN(q1,q2, ...,qN),

= − Vs

kBT ∑
s<j≤N

∫
V

d3qj
∂u(q1,qj)

∂q(α)1

∫
V

...
∫
V

∏
l>s,l ̸=j

d3qlWN(q1,q2, ...,qN). (23.6)
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Using the definition for the distribution function, one obtains integro-differential equation,

∂

∂q(α)1

Fs(q1, ...,qs) +
1

kBT
∂Us

∂q(α)1

Fs(q1, ...,qs)

+
(N − s)
VkBT

∫
V

d3qs+1
∂u(q1,qs+1)

∂q(α)1

Fs+1(q1, ...,qs+1) = 0,
(23.7)

where,

Us = ∑
1<j≤s

u(q1,qj). (23.8)

If there exists a limiting value for Fs(q1, ...,qs) for the macroscopic system with N → ∞,
V → ∞ such that N/V = const, then

∂

∂q(α)1

Fs +
1

kBT
∂Us

∂q(α)1

Fs +
N

VkBT

∫
V

d3qs+1
∂u(q1,qs+1)

∂q(α)1

Fs+1 = 0. (23.9)

However, the condition of decay of correlations,

lim
|qi−qj|→∞

Fs(q1,q2, ...,qs)−
s

∏
i=1

F1(qi) = 0, i ̸= j, i, j = 1,2, .., s (23.10)

should be satisfied, as we have already mentioned in previous chapter 22. The Eq. (23.9)
is known as Born-Green-Yvon (BGY) equation for the distribution functions. It has been
derived in 30th of the previous century but still in use in the liquid state theory.

The principal feature of the BGY equation is that it has coupling between lower
order function Fs with a higher order function Fs+1. Thus, to solve exactly such chain
of equations is impossible in close similarity to impossibility to calculate exactly the
configuration partition function. Therefore, one needs to resort to certain approximations.
One scheme of this sort for a ”dilute” system is described below.

We assume that the system can be characterized by certain small parameter. For
example, in the case of a dilute gas the small parameter can be the ratio between the
radius of action of interaction between particles to the average distance between them,
i.e. r0 << (V/N)1/3. While r0 is the property of the model, the other distance (V/N)1/3

characterizes thermodynamic state of the system. We assume that the small parameter is
η,

η = r3
0/(V/N). (23.11)

Let us search the solution of the BGY equation in the form of the series,

Fs(q1, ...,qs) = F (0)
s (q1, ...,qs) + ηF (1)

s (q1, ...,qs) + η2F (2)
s (q1, ...,qs) + · · · , (23.12)

Here, the zero-order approximation should provide the principal contribution and the
following term should be the corrections of the order ∝ η, ∝ η2, etc. For the sake of
convenience, choose r0 as the length unit and rewrite the BGY equation in dimensionless
units x(α)i = q(α)/r0,

∂

∂x(α)1

Fs +
1

kBT
∂Us

∂x(α)1

Fs +
1

kBT
η
∫
V

d3xs+1
∂u(q1,qs+1)

∂x(α)1

Fs+1 = 0. (23.13)

Apply then series like Eq. (23.12) for the functions Fs and Fs+1 in Eq. (23.13) and collect
terms ∝ η0, ∝ η1, etc. The single Eq. (23.13) converts then into an infinite system of
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equations. Let us write down the first few of them,

∂

∂x(α)1

F (0)
s +

1
kBT

∂Us

∂x(α)1

F (0)
s = 0,

∂

∂x(α)1

F (1)
s +

1
kBT

∂Us

∂x(α)1

F (1)
s +

1
kBT

∫
V

d3xs+1
∂u(x1,xs+1)

∂x(α)1

F (0)
s+1 = 0,

∂

∂x(α)1

F (2)
s +

1
kBT

∂Us

∂x(α)1

F (2)
s +

1
kBT

∫
V

d3xs+1
∂u(x1,xs+1)

∂x(α)1

F (1)
s+1 = 0,

(23.14)

The first equation is independent of the following ones. Its solution can used for F (0)
s+1 in

the second equation to obtain F (1)
s and so on.

Let us solve the first from the system of equations,

kBT
∂

∂x(α)1

lnF (0)
s = − ∂Us

∂x(α)1

, (23.15)

to get,

F (0)
s = C0e−Us/kBT, (23.16)

where C0 is the integration constant. In order to determine C0, recall the boundary
conditions,

lim
|xi−xj|→∞

Fs(x1,x2, ...,xs) = 1, (23.17)

and the fact that,

lim
|xi−xj|→∞

Us(x1,x2, ...,xs) = 0. (23.18)

Then, C0 = 1 and the zero-order approximation for the arbitrary distribution function is

F (0)
s = e−Us/kBT. (23.19)

Specifically, the pair distribution function at this level of approximation is,

F (0)
2 (r) = e−u(r)/kBT. (23.20)

This is the simplest expression that permits to get thermodynamic properties of nonideal
system using the energy and virial equations from the previous chapter. However, before
doing that discuss briefly the triplet distribution function, F (0)

3 (x1,x2,x3) coming from
Eqs. (23.15) and (23.16). Recall that U3 = u(x12) + u(x13) according to Eq. (23.8). Then,

F (0)
3 (x1, x2, x3) = e−(u(x12)+u(x13))/kBT = F (0)

2 (x12)F (0)
2 (x13). (23.21)

However, the entire procedure of the derivation of the BGY equation and consequently
the Eq. (23.15) is satisfied for,

Ũs(x1,x2, ...,xs) = ∑
1≤i<j≤s

u(qi,qj), (23.22)

as well. The boundary condition in the form of Eq. (23.18) is more consistently satisfied for
Ũs because this function contains the interaction potentials between all pairs of particles
included in the group of s of them. With this procedure, the triplet function is entirely
symmetric,

F (0)
3 (x1, x2, x3) = e−(u(x12)+u(x13)+u(x23))/kBT = F (0)

2 (x12)F (0)
2 (x13)F (0)

2 (x23). (23.23)
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This result for F3(x1, x2, x3) is the so-called superposition approximation derived first
by Kirkwood. The higher-order corrections to the pair distribution function and to the
distribution functions describing three and more particles formally can be obtained by
implementing the results from Eqs. (23.20), (23.21) or (23.23) into the system of Eqs. (23.14).
At this point, we are interested in the implementation of the zero-order approximation for
F2(r) to describe thermodynamic properties of a nonideal system of particles.

Specifically, let us use the result from Eq. (23.20) in the virial equation of state Eq. (22.37),

P = Pid − 2π
N2

3V2

∞∫
0

drr3u
′
(r)F2(r), (23.24)

and calculate an auxiliary integral,

R∫
0

drr3u
′
(r)e−βu(r) = −β−1

R∫
0

r3d(e−βu(r)) = −kBT r3e−βu(r)
∣∣∣R
0
+ 3kBT

R∫
0

drr2e−βu(r),

= −kBTr3
(

e−βu(r) − 1
)∣∣∣R

0
+ 3kBT

R∫
0

drr2(e−βu(r) − 1). (23.25)

The first term tends to zero at R → ∞, thus only the second term contributes to the integral.
So, our result in the limit R → ∞ is,

∞∫
0

drr3u
′
(r)e−βu(r) = 3kBT

∞∫
0

drr2(e−βu(r) − 1) =
3

4π
kBTβ1, (23.26)

where β1 is the first irreducible integral defined in Eq. (21.18) or Eq. (21.31). With this
approximation for the pair distribution function, the equation of state then is,

P = Pid − 2π
N2

3V2
3

4π
kBTβ1 = Pid −

N2

2V2 kBTβ1, (23.27)

and coincides with Eq. (21.28) that has been obtained from the direct calculation of the
configurational partition function.

23.2 Van der Waals equation of state

The model equation of state formulated by van der Waals provides the simplest picture
of the relation between the intermolecular interaction and the qualitative aspects of
thermodynamic behavior of gases and liquids. This equation has been formulated much
earlier than the development of the theory of ensembles. On the other hand, it appeared
to be very successful and faithfully serves for pedagogic purposes. From the pragmatic
view of chemical engineering this equation served as basis for the construction of a more
sophisticated semiempirical and empirical equations of state used in practice nowadays.

The vdW EOS reads,(
P +

N2

V2 a
)
(V − Nb) = NkBT. (23.28)

The a and b are the parameters of this equation. For the sake of convenience let us use
molar volume, Ṽ = V/(N/Nav), and molar parameters, ã = aN2

av, b̃ = bNav,

P =
RT

(Ṽ − b̃)
− ã

Ṽ2
, (23.29)
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Fig. 23.1: Qualitative pressure - molar volume isotherms for van der Waals fluid. The P -
V̂ states between a and b on the T isotherm are thermodynamically unstable.

where R = kBNav is the universal gas constant. We observe that the vdW EOS is the cubic
equation in molar volume. In qualitative terms, the P − Ṽ isotherms are shown in the
Fig. 23.1.

At every quite arbitrary temperature above certain characteristic temperature, call it
Tc, the pressure is a monotonously decreasing function of the molar volume, see e.g. the
isotherm for T = T2 in the figure. In other words, in this temperature range there is a
one to one correspondence between pressure and density (or molar volume), only one
homogeneous fluid phase exists at a given value of pressure.

In the case of a temperature below Tc, the shape of the isotherm is different. Namely,
for example at T1 < Tc, there exists an interval of pressures (P1 < P < P3) such that three
values of molar volume correspond to every value of pressure. Thus, the EOS predicts
existence of three homogeneous fluid phases. Outside of this interval of pressures, the one
to one correspondence between the pressure and molar volume values preserves.

So, at T1 and P2, three phases with molar volumes Ṽ1, Ṽ2, Ṽ3 are predicted by the
equation of state. However, the phase characterized by Ṽ2 is not thermodynamically
stable, because the stability requirement,(

∂P
∂Ṽ

)∣∣∣∣
T
< 0, (23.30)

is violated for the phase and thermodynamic state with Ṽ2. More generally, all the states
between the points a and b along this isotherm are not stable from thermodynamic point
of view. Evidently, the instability region shrinks and eventually disappears if temperature
increases from T1 to Tc. On the other hand, if temperature decreases starting from T1,
then the instability region becomes wider. Actually, the lower limit is at the triple point
temperature, Ttr, mentioned in chapter 21. This issue is not discussed for the moment,
however.

It is important that for a given temperature T at T < Tc, there exists only one value
of pressure, P(T), for which two stable phase with different density, or different molar
volumes, coexist and are in thermodynamic equilibrium with each other. The reason
is that two phases at the same pressure or say in mechanical equilibrium are not in
thermodynamic equilibrium unless the chemical potential of two phases is the same, i.e.
the mass balance or chemical equilibrium condition should be satisfied.
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It is known from thermodynamics, that the chemical potential along an isotherm
changes according to the equation (this issue will be discussed in the following chapter),

dµ = ṼdP. (23.31)

If we integrate this relation along the isotherm T1 between two states with two respective
molar volumes,Ṽ1 and Ṽ2, then,

µ1 − µ2 =

Ṽ2∫
Ṽ1

ṼdP. (23.32)

These two phases should satisfy conditions of mechanical and chemical equilibrium, if
P1(T1) = P2(T1) and µ1 = µ2, i.e.,

Ṽ2∫
Ṽ1

ṼdP = 0. (23.33)

This equation can be interpreted in terms of geometric construction to find two-phase
equilibrium states. To do that one needs to plot a line drawn parallel to Ṽ axis, cutting
the isotherm in such a way that the area below the line till isotherm and the area above
the line till isotherm are equal, see the figure. The line is called as the vapor-liquid tie line
at a given temperature. By such geometric construction called the Maxwell equal area
tie-line construction one can determine the entire vapor-liquid coexistence envelope or the
dome shown in Fig. 23.2. It is evident from the Maxwell construction that there is only
one coexistence pressure for each isotherm.
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V
~V

V
~ L

T
1

T
2

T
3

T
4

T
5

Fig. 23.2: Schematic phase diagram of a vdW fluid illustrating the vapor-liquid coexistence
envelope. Maxwell equal area construction for a single isotherm is shown as well.

At the top of the dome, one can locate the critical point. It is the point with Pc, and Ṽc
at which the isotherm (at Tc) is tangent to the top of the two-phase coexistence. The point
of inflection satisfies the conditions,(

∂P
∂Ṽ

)∣∣∣∣
T
=

(
∂2P
∂Ṽ2

)∣∣∣∣
T
= 0, T = Tc. (23.34)

These conditions determine the critical pressure and critical molar volume (or equivalently
the critical density). The critical parameters Pc, Tc and Ṽc can be found by differentiating
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the vdW EOS and using the conditions of criticality from Eq. (23.34). Namely,

Ṽc = 3b̃; Tc =
8ã

27Rb̃
; Pc =

ã
27b̃2

. (23.35)

Then, one can express the parameters of the vdW EOS in terms of combinations of the
critical values,

ã =
27R2T2

c
64Pc

; b̃ =
RTc

8Pc
. (23.36)

Exercise 23.1 Derive the relations presented in Eq. (23.35) by using the vdW EOS from
Eq. (23.29) together with the critical point conditions given by Eq. (23.34). Furthermore,
show that,

PcṼc

Tc
=

3R
8

. (23.37)

Also, show that the vdW EOS can be written in a reduced form,

Pr =
8Tr

3Ṽr − 1
− 3

Ṽ2
r

, (23.38)

where Pr = P/Pc, Tr = T/Tc and Ṽr = Ṽ/Ṽc. ■

Final comments concerning the Fig. 23.2 are the following. The region labeled as
metastable in this figure is located between the coexistence envelope and the unstable
region. It can be considered as an ”extension” of the stable parts outside of the coexistence
dome. On the vapor side, the metastable region describes one-phase supercooled vapor
states. Starting from the saturated vapor phase (keeping pressure constant) and moving
to the left in the figure one enters metastable region of supercooled vapor, any small
perturbation may break it into a two-phase, more stable, state of vapor containing liquid
drops. On the opposite side starting from liquid at saturation keeping the pressure
constant, one enters the metastable region by heating, any kind of perturbation may lead
to a more stable two-phase state of vapor droplets dispersed in the liquid body.

The behavior of a fluid near the critical point is a wide scientific area of research. In
the spirit of our discussion above, we would like to note only one important issue. The
isothermal compressibility,

κT = − 1
Ṽ

(
∂Ṽ
∂P

)∣∣∣∣
T

, (23.39)

is infinite at a critical point and is very large near the critical point. The singular behavior
of κT as well as of CV and CP, around the critical point are related to the large fluctuations
and the developing long-range intermolecular correlations. When approaching the critical
point along the critical isotherm the divergence of κT is of the form,

κT ∝ (P − Pc)
−ϵ, (23.40)

where ϵ is 2/3 for the vdW EOS, and is usually from 0.75 to 0.8. On the other hand, when
approaching the critical point along the critical isochore (T > Tc) the divergence is of the
form,

κT ∝ (T − Tc)
−γ) ∝ (P − Pc)

−γ, (23.41)

where γ is 1.0 for the vdW EOS, and is usually from 1.2 to 1.3. The isochoric heat capacity,
CV , behaves as,

CV = C0

(∣∣∣∣1 − T
Tc

∣∣∣∣)−α

, (23.42)
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where α = 0.1096, if the three-dimensional Ising model is applied.
In contrast to vapor-liquid coexistence, it is commonly believed that the transition line

separating a liquid and a solid cannot be interrupted by a critical point. This opinion is
based on the traditional symmetry argument that an isotropic liquid cannot be contin-
uously transformed into a crystal with a discrete rotational and translational symmetry
as documented by Landau and Lifshitz [10]. Schematic phase diagram of a simple fluid
mimicking argon is shown in Fig. 23.3. In contrast to Fig. 23.2 above, here the solid phase
is explicitly included.
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Fig. 23.3: Panel a: Schematic phase diagram of a vdW fluid illustrating the vapor-liquid
coexistence envelope. The liquid-solid equilibrium is included as well. Panel b: Schematic
phase diagram in P − T plane.

23.3 The law of corresponding states
The phase behavior of several fluids can be reasonably well described by the vdW equa-
tion of state. Evidently, that different fluids are characterized by the different values
of critical temperature, pressure and density. One may wish to perform comparison of
thermodynamic properties of this kind of fluids. To do that it is profitable to introduce
reduced variables,

Vr =
Ṽ
Ṽc

; Tr =
T̃
T̃c

; Pr =
P̃
P̃c

, (23.43)

If the vdW EOS is expressed in terms of these variables, one finds the ”universal” equation
of state,

Pr =
8Tr

3Vr − 1
− 3

V2
r

. (23.44)

This equation is the essence of the law of the corresponding states. All fluids obeying
vdW equation of state will have the same reduced pressure if they are compared at the
same reduced molar volume Vr and at the same reduced temperature, Tr. The law of
corresponding states is obeyed quite well for a variety of fluids.

Exercise 23.2 Make a short text commenting the phase behavior shown in Fig. 23.3.
Add a few comments concerning the phase diagram of water. ■



24. Fluid phase equilibria

24.1 Elements of the theory of phase equilibria

The conditions of phase equilibria follow from the second law of thermodynamics. As
in the development of the theory of statistical ensembles we begin with isolated system.
The second law of thermodynamics states that the entropy S of an isolated system in
equilibrium is at maximum. The entropy in such setup is the function of internal energy,
volume of the system and the number of particles, U, V and N. For the sake of generality,
we write the last variable as Nα for each chemical component α. Assume that the system
is composed of c components.

The principle of maximum entropy leads to other formulations of the second law
of thermodynamics. Namely, for a closed isothermal system with a fixed volume, the
Helmholtz free energy, A, A = U − TS is a minimum at equilibrium. This setup cor-
responds to the canonical ensemble. On the other hand, if one considers a setup of
the isobaric-isothermal ensemble, the second law states that the Gibbs free energy, G,
G = A + PV = H − TS (H = U + PV is the enthalpy) attains minimum at equilibrium.
Similar considerations refer to the grand canonical ensemble. In this case, the second law
refers to the grand thermodynamic potential,

Ω = A −
c

∑
α=1

µαNα, (24.1)

that is at minimum for the system at equilibrium. If the first law, dU = dQ + dW, and the
second law of thermodynamics are considered together, the fundamental equation for a
homogeneous system follows,

dU = TdS − PdV +
c

∑
α=1

µαdNα. (24.2)
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Then,

dH = TdS + VdP +
c

∑
α=1

µαdNα,

dG = −SdT + VdP +
c

∑
α=1

µαdNα, (24.3)

dA = −SdT − PdV +
c

∑
α=1

µαdNα,

dΩ = −SdT − PdV −
c

∑
α=1

Nαdµα.

The principal issue at this point is the distinction between extensive and intensive
thermodynamic variables. All of the quantities, S, U, V, Nα, A, H, G and Ω are extensive
thermodynamic variables. In other words, if we consider a homogeneous system at
fixed intensive variables, T, P and µα, and the system is increased k times in amount of
each component, then the extensive variables increase in magnitude k times as well, and
become: kS, kU, kV, kA, kH, kG and kΩ. This particular property permits to integrate
Eqs. (24.2) and (24.3). For example, perform such integration (say from x to kx) for the
Gibbs free energy,

(k − 1)G = (k − 1)
c

∑
α=1

µαNα. (24.4)

Thus, the result for a homogeneous macroscopic phase is,

G =
c

∑
α=1

µαNα. (24.5)

Integration of other equations leads to the following results,

U = TS − PV +
c

∑
α=1

µαNα,

H = TS +
c

∑
α=1

µαNα, (24.6)

A = −PV +
c

∑
α=1

µαNα,

Ω = −PV.

Intensive thermodynamic variables are constants throughout a homogeneous phase by
definition and are independent of the amount of the phase.

Consider now arbitrary infinitesimal variation of the thermodynamic state of the
system. Upon this change, the differential of the internal energy according to Eq. (24.6) is,

dU = TdS + SdT − PdV − VdP +
c

∑
α=1

µαdNα +
c

∑
α=1

Nαdµα. (24.7)

However, the fundamental Eq. (24.2) holds. Therefore, subtract Eq. (24.7) from Eq. (24.2)
to obtain the condition,

SdT − VdP +
c

∑
α=1

Nαdµα = 0. (24.8)

This important constraint is known as the Gibbs-Duhem equation. The following conclu-
sion then is. If we have c + 2 intensive variables (T, P and c values for µα) characterizing
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the homogeneous phase, only c + 1 variables are independent. For illustration, we can say
that if, for example, c values for µα and T are specified, then the pressure is not arbitrary,
it is fixed by P = P(T,µ1, ...,µc). On the other hand, if T, P and c − 1 chemical potentials
are specified, then µα = µα(T, P, ...µβ ̸=α). The Gibbs-Duhem equation can be obtained by
evaluation the differential for either H or A or G or Ω from Eq. (24.6) and then using
fundamental Eq. (24.3).

Now turn our attention to the problem of equilibrium between phases. Evidently,
thermodynamic laws should provide the solution of the problem. We will show now, how
it follows from the second law of thermodynamics. Consider an isolated combined system
composed of two parts, according to the setup in Fig. (24.1) below.

U
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V
(1)

N
α

(1)

U
(2)

V
(2)

N
α

(2)

U = U
(1) 

+  U
(2) 

V = V
(1)

 + V
(2)

N
α
 = N

α

(1)
 +  Ν

α

(2)

Fig. 24.1: Setup of the system to study phase equilibrium.

Suppose that the bulk homogeneous phase 1 is in equilibrium with the bulk homoge-
neous phase 2. The word bulk is used to explain that the phase is large enough or that it
is homogeneous everywhere except at the physical interface between phases. Moreover,
the entropy, energy, volume and the number of molecules within the interfacial region
(evidently it exists in reality but is not considered as a separate phase) is much smaller
and even negligible comparing to the values of these characteristics for each bulk phase.
Consider a small change of values of the variables determining the state of phases from
equilibrium, δU(i), δV(i), δN(i)

α , i = 1,2. Isolation of the entire system leads to the equations,

δU(1) = −δU(2); δV(1) = −δV(2); δN(1)
α = −δN(2)

α ; α = 1,2, ..., c (24.9)

Now evaluate the change of entropy upon changing of the variables, δU(i), δV(i), δN(i)
α ,

it must obey condition,

∆S = ∑
i=1,2

[S(i)(U(i) + δU(i),V(i) + δV(i),N(i) + δN(i))− S(i)(U(i),V(i),N(i)]< 0, (24.10)

and obviously should vanish at equilibrium. We would like to apply the Taylor expansion
to deal with small fluctuations, thus let rewrite the inequality above as,

∆S =
∞

∑
k=1

δkS < 0. (24.11)

Here,

δS = ∑
i=1,2

(−1)i[(
∂S(i)

∂U(i)
)δU(1) + (

∂S(i)

∂V(i)
)δV(1) +

c

∑
α=1

(
∂S(i)

∂N(i)α
)δN(1)

α ],

δ2S = ∑
i=1,2

1
2!
[(

∂2S(i)

∂(U(i))2
)(δU(1))2 + (

∂2S(i)

∂(V(i))2
)(δV(1))2 +

c

∑
α=1

c

∑
β=1

(
∂2S(i)

∂N(i)
α ∂N(i)

β

)δN(1)
α δN(1)

β

+2(
∂2S(i)

∂U(i)∂V(i)
)δU(1)δV(1) + 2

c

∑
α=1

(
∂2S(i)

∂U(i)∂N(i)
α

)δU(1)δN(1)
α + 2

c

∑
α=1

(
∂2S(i)

∂V(i)∂N(i)
α

)δV(1)δN(1)
α ],
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(24.12)

and so on. From the fundamental equation for a homogeneous phase, Eq. (24.2) one has,(
∂S(i)

∂U(i)

)
= T(i); −

(
∂S(i)

∂V(i)

)
=

P(i)

T(i)
;

(
∂S(i)

∂N(i)
α

)
=

µ
(i)
α

T(i)
. (24.13)

Next, choose δV(i) = 0, δN(i)
α = 0 and δU(i) as infinitesimal fluctuation of arbitrary sign.

Then,

∆S = ∑
i=1,2

(−1)i

T(i)
δU(1) + O(δU(1))2 (24.14)

The only way, ∆S can be less than zero for arbitrarily small deviation δU(1) is that in
equilibrium state,

T(1) = T(2). (24.15)

Otherwise, out of equilibrium, the magnitude of δU(1) can be chosen sufficiently small
to make the contribution of higher order terms negligible. The sign of δU(1) can be
chosen dependent of the sign of ∑i=1,2(−1)i/T(i). Thus, one condition of thermodynamic
equilibrium between two coexisting phases is the equality of their temperature.

Similarly, by choosing δU(1) = 0, δN(1)
α = 0 and δV(1) infinitesimally small, one obtains,

P(1)

T(1)
=

P(2)

T(2)
, (24.16)

and finally, if δU(1) = 0, δV(1) = 0, and δN(i)
α ̸= 0 with δN(1)

β ̸=α = 0, then,

µ
(1)
α

T(1)
=

µ
(2)
α

T(2)
. (24.17)

Eqs. (24.15) - (24.17) represent conditions of thermal, mechanical and chemical equilibrium
of phases. Usually, the intensive thermodynamic quantities that are the same in all
coexisting phases are called as field variables.

Gibbs phase rule incorporates the conditions of thermodynamic equilibrium and
prescribes the number of intensive variables that can be independently set in a multiphase
system at equilibrium. In order to derive the Gibbs rule suppose that there are p coexisting
phases and c chemical components (a quite complex physical system by the way). The
intensive variable to be specified are T, P and mole fractions x(i)α of each component α
in each phase i. So, we have cp + 2 of such intensive variables. However, the chemical
equilibrium requires,

µ
(1)
α = µ

(2)
α = ... = µ

p)
α , α = 1,2, ..., c (24.18)

From the definition of the mole fraction,

xα = Nα/
c

∑
β=1

Nβ, (24.19)

it follows that,

c

∑
α=1

x(i)α = 1, i = 1,2, ..., p. (24.20)
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The condition given by Eq. (24.18) yields c(p − 1) constraints, whereas Eq. (24.20) makes
p constraints. Thus, the number f of the degrees of freedom (or intensive variables that
can be set independently) is,

f = cp + 2 − c(p − 1)− p; f = 2 + c − p. (24.21)

This equation is the prominent Gibbs rule.
For example, for a liquid-vapor equilibrium in a one-component system, c = 1, p = 2,

and f = 1. If one intensive variable, T, is fixed then a unique liquid-vapor pair results (at
a unique vapor pressure, because P = P(T) along binodal). In the case of a vapor-liquid-
solid equilibria p = 3 and then f = 0, thus there is a unique triple point (cf. right panel of
Fig. 23.3 in chapter 23).

The equilibrium conditions we have discussed so far result from the requirement
that the first variation, δS, cf. Eq. (24.12) vanishes at equilibrium. This is, however,
only the necessary condition for S to be at maximum. If δ2S is positive for arbitrary
fluctuations, δU(i), δV(i), and δN(i)

α , then the system is not at equilibrium and the state
under consideration is not stable with respect to small fluctuations. A multiphase system
will be unstable if any one of the phases is unstable to small fluctuations.

In order to get additional insights into stability conditions, let us consider a simpler
case in comparison to the setup given in Fig. 24.1. Namely, assume that bulk phases 1 and
2 are identical. In this case, the system can be regarded as a single phase divided into two
equal parts, labeled 1 and 2. Then, S(1) = S(2) = S/2 and the expression for δ2S simplifies
to,

δ2S =
1
2
[(

∂2S
∂U2 )(δU(1))2 + (

∂2S
∂V2 )(δV(1))2 +

c

∑
α=1

c

∑
β=1

(
∂2S

∂N(i)
α ∂N(i)

β

)δN(1)
α δN(1)

β

+2(
∂2S

∂U∂V
)δU(1)δV(1) + 2

c

∑
α=1

(
∂2S

∂U∂N(i)
α

)δUδN(1)
α + 2

c

∑
α=1

(
∂2S

∂V∂N(i)
α

)δV(1)δN(1)
α ]

(24.22)

The entropy maximum conditions requires δ2S ≤ 0 for arbitrary fluctuations δU(i), δV(i),
and δN(i)

α . If δ2S = 0 for some fluctuations, then one needs to examine even higher order
variations to explore the stability. We restrict ourselves only to the condition δ2S ≤ 0,
however. In the specific case, δU(i) ̸= 0, δV(i) = 0, and δN(i)

α = 0, one need to have
∂2S/∂U2 < 0 satisfied. However,

∂S
∂U

=
1
T

;
∂2S
∂U2 = − 1

T2

(
∂T
∂U

)∣∣∣∣
T,N

, (24.23)

and CV = (∂U/∂T)|N,V . Thus, according to the second law of thermodynamics, stable
thermal equilibrium requires,

CV > 0. (24.24)

Similar analysis of the form given by Eq. (24.22) can be performed under the conditions,
δU(i) = 0, δV(i) ̸= 0, and δN(i)

α = 0. Then, because −∂S/∂V = P/T, the second law implies
the condition of stable mechanical equilibrium,[

∂(P/T)
∂V

]∣∣∣∣
U,N

> 0. (24.25)

This relation exhibits certain practical inconvenience. Specifically, in the laboratory it
is more common to work with the variables T,V, Nα rather than with U,V, Nα. For
this reason the conditions of stable equilibrium should be derived using the Helmholtz
free energy that attains minimum for a closed isothermal system at temperature T at
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equilibrium. In the case of a system with setup like in Fig. 24.1, one needs to explore the
condition,.

∆A = ∑
i=1,2

[A(i)(U(i) + δU(i),V(i) + δV(i),N(i) + δN(i))− A(i)(U(i),V(i),N(i)]≥ 0, (24.26)

rather than Eq. (24.10) for entropy. Here, it is important to note, that the condition of
thermal equilibrium cannot be derived from the minimum of Helmholtz free energy
version of the second law of thermodynamics. This happens because one field variable
(the temperature T) is constrained in this version in contrast to S(U,V, N) formulation.
Thus, the first variation of A = A(V, N, T) merely recovers the equilibrium conditions in
the form P(1) = P(2) and µ

(1)
α = µ

(2)
α .

Further, the condition ∆A > 0 for a homogeneous bulk fluid phase (the setup with 1
and 2 considered as identical phases) is assured from the second variation,

δ2 A =
1
2
[
∂2A
∂V2 )(δV(1))2 + 2

c

∑
α=1

(
∂2A

∂V∂N(i)
α

)δV(1)δN(1)
α +

c

∑
α=1

c

∑
β=1

(
∂2A

∂N(i)
α ∂N(i)

β

)δN(1)
α δN(1)

β ] > 0,

(24.27)

for arbitrary δV(1) and δN(i)
α . Then, the special case δV(1) ̸= 0 and δN(i)

α = 0 implies that,
∂2 A
∂V2 = − ∂P

∂V > 0 and consequently,(
∂P
∂V

)∣∣∣∣
N,T

< 0. (24.28)

It is a more common statement of stable mechanical equilibrium rather than Eq. (24.25).
We have used already Eq. (24.28) in the previous chapter while discussing the phase
behavior of a fluid in terms of vdW equation of state.
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25.1 Introductory remarks

Statistical mechanics of chemical equilibria and of chemical reactions is one of the most
important problems at the interface of physics and chemistry due to widespread appli-
cations permeating various sciences, e.g. in physical chemistry of inorganic and organic
matter and in materials design. Moreover, several research lines within the biological
and medicinal chemistry require fundamental knowledge of mechanisms and adequate
description of thermodynamics of chemical reactions. The problem in question is interest-
ing and methodologically difficult. Chemical reactions occur in gases, liquids, solids and
plasma. Hence, it is necessary to have efficient tools for the description of matter in each
of these aggregation states of matter.

For pedagogical reasons, we would like to consider solely some basic issues and
focus on the most simple features of methodology concerning most primitive modeling
of phenomena. Moreover, our description of the problem is restricted to the chemical
association of species in fluids within classical mechanics tools and Boltzmann statistics.
One may consider this lecture as an application of the results obtained by using canonical
and grand canonical ensemble techniques.

25.2 Statement of the problem

Let us consider a binary system of particles of species A and B with NA and NB number
of particles, respectively. The external conditions for the system determine its volume V
and temperature T. We do not specify the mechanism of chemical reaction occurring in
the system, just assume that a ”heterogeneous dimerization” reaction of the type,

A + B ⇌ AB, (25.1)

occurred and a certain number of molecules (dimers, or products of reaction) AB has
been formed due to chemical association of particles or reactants A and B. Note, that
AA and/or BB are not formed under our assumption. So, the problem in question is to
calculate the number of molecules AB in the system that reached equilibrium at T. In
addition, it is necessary to describe thermodynamic properties of this equilibrium system.
It is convenient to resort to the grand canonical ensemble defined by µA,µB,V and T,
where µA and µB are the chemical potentials of species (reactants) A and B.
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In close similarity to the derivation of grand canonical ensemble (chapter 11), we
introduce the notation εa

i , εb
i and εab

i for the energy levels of a single particle of species A
and B and of a dimer (product of reaction) AB. In addition, the notation na

i , nb
i and nab

i is
introduced to describe the occupation numbers of the single-particle energy levels. The A
and B type particles can exist as free monomers as well as bounded into dimers AB. Thus,
the auxiliary numbers,

N1 = ∑
i

na
i ; N2 = ∑

i
nb

i , (25.2)

and

N12 = ∑
i

nab
i , (25.3)

correspond to free A and B monomers as well as to AB dimers. With this notation, we can
write down the equations,

NA = N1 + N12; NB = N2 + N12. (25.4)

The energy of the system, U, is given by,

U = ∑
i

εa
i na

i + ∑
i

εb
i nb

i + ∑
i

εab
i nab

i . (25.5)

It is worth noting, that the last equation is valid if one applies the same zero energy for
each term, i.e. the energy levels of dimers should be counted by resting the energy of
formation of a dimer of A and B monomers in the ground state.

The canonical partition function for the mixture of monomers and dimers as noninter-
action species that obey Boltzmann statistics is,

Q = Q(N1)Q(N2)Q(N12) =
(ζA)

N1

N1!
(ζB)

N2

N2!
(ζAB)

N12

N12!
. (25.6)

However, as we know from thermodynamics and the theory of ensembles, chemi-
cal equilibrium is regulated by the chemical potential. Thus, we proceed to the grand
canonical partition function for the system of A and B species that are provided from
each of independent respective reservoires (these species next react in the system under
consideration),

Ξ(µA,µB,V, T) =
∞

∑
NA=0

∞

∑
NB=0

Q(NA, NB,V, T)exp (βµANA)exp (βµBNB), (25.7)

where, β = 1/kBT. Now, we substitute Eqs.(25.6) and (25.4) into this expression and
collecting the series, obtain,

ln(Ξ) = ζA exp (βµA) + ζB exp (βµB) + ζAB exp (β(µA + µB)). (25.8)

Note that the information about the products of reaction is hidden in the partition function
of the product molecule, ζAB, and in the chemical potentials that determine the average
numbers of particles of species A and B, < NA > and < NB >. To find them, we apply
common relations from the grand canonical partition function in terms of activity, λi =
exp (βµi),

< Ni >= λi

(
∂lnΞ
∂λi

)
, (25.9)

with i = A, B. Then, it follows,

< NA >= λAζA + λAλBζAB, (25.10)
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< NB >= λBζB + λBλAζAB. (25.11)

By comparison of these expressions with Eq.(25.4), we have,

< N1 >= λAζA; < N2 >= λBζB; < N12 >= λAλBζAB, (25.12)

that yields important result,

< N12 >

< N1 >< N2 >
=

ζAB

ζAζB
. (25.13)

The left hand side of this equation expresses the relation between the density of dimers
formed in reaction with respect to the product of mononer densities of reagents. It depends
on volume, temperature and chemical potentials of species A and B. The r.h.s. is given in
terms of these corresponding partition functions.

25.3 Thermodynamic consequences
One should have in mind that laboratory experiment is commonly performed at constant
pressure. Therefore, it is of interest to formulate the equation of state of the reacting
mixture. One can obtain pressure from the partition function in the gran canonical
ensemble, as follows,

P = kBT
(

∂ ln(Ξ)
∂V

)∣∣∣∣
µA,µB,T

, (25.14)

or

PV = kBT ln (Ξ) . (25.15)

Both lead to the same result,

PV = (< N1 > + < N2 > + < N12 >)kBT. (25.16)

This result has form of the equation of state of a mixture of ideal gases containing however
the average values of density of reagents and of the products of reaction. It is worth to
complete insights into the thermodynamic properties of an equilibrium state of reacting
mixture by examining the free energy.

First, take view of the system in question as a homogeneous macroscopic phase
comprising particles of two components, i.e. of A and B species. Then the Gibbs free
energy is given by,

G = µA < NA > +µB < NB > . (25.17)

On the other hand, one can express Gibbs free energy of the same system in terms of
reacting species and products,

G = µA < N1 > +µB < N2 > +µAB < N12 >, (25.18)

where µAB is just a formal notation of the fictitious chemical potential for the products of
reaction. Let us make use of the first two equations (25.12), Eqs.(25.12)a and (25.12)b, and
sum them. Then,

β(µA + µB) = ln(< N1 >< N2 >)− ln(ζAζB). (25.19)

However, the r.h.s. of this equation can be further transformed by using Eq. (25.13) to
yield,

β(µA + µB) = ln(< N12 >)− ln(ζAB). (25.20)
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This expression can be compared with Eq. (25.12)c expressed in terms of the fictitious
chemical potential µAB, < N12 >= exp(βµAB)ζAB. Then, we observe that,

µAB = µA + µB. (25.21)

This result shows that the chemical potential of the products equals to the sum of the
chemical potentials of reacting species and illustrates conservation of matter assumed
in the Eqs.(25.4)a and (25.4)b, confirming, in addition, equivalency of Eqs. (25.17) and
(25.18). Thermodynamic results for the Gibbs free energy, Eq. (25.18), and for the equation
of state, Eq. (25.16), can be used to obtain Helmholtz free energy of the canonical ensemble,
A,

A = G − PV = −kT ln

(
ζN1

A
N1!

ζN2
B

N2!
ζN12

AB
N12!

)
. (25.22)

Note, that each average number < Ni > was substituted by constant number Ni, to
emphasize that the result corresponds to canonical ensemble conditions. Moreover, now
we can rewrite Eq. (25.13) as follows,

N12

N1N2
=

ζAB

ζAζB
= K(T,V). (25.23)

The function K(T,V) is called the equilibrium rate constant, and the Eq. (25.23) is the
so-called mass action law (MAL). Thus, a quantitative description of the chemical reaction
for a gaseous mixture implies calculation of the partition functions of reacting species and
of products at a given temperature. The densities of reacting species should be known,
evidently. It is important to note that one should assume a kind of products resulting from
the reaction. Generalization of the procedure to a more complex reaction of the type,

αA + γB + .. ⇌ ηX + χY + ..., (25.24)

leads to the equilibrium rate constant that require calculations of the partition functions of
products and reacting species in close similarity to the described in the derivation above,

K(T,V) =
(ζX)

η

(ζA)α

(ζY)
χ

(ζB)γ
... (25.25)

Again, the type of products of the reaction should be known. To summarize the develop-
ments above, we would like to mention a few important issues. In the course of theoretical
explanation, we restricted to gaseous phase and used Boltzmann statistics. Most important
is that the Hamiltonian of the problem does not contain interaction between particles. In
other words the only possible mechanism of the formation of products between "reactive"
particles is via their collisions. A more general consideration of chemical association
effects of species in e.g. dense gases and/or liquids require formulation of the potential
energy term of the Hamiltonian. At this level of modelling, even if one restricts to classical
statistical mechanics and Boltzmann statistics, the problem become much more difficult.
For pedagogical reasons we would like to state the problem in a simple manner, such
that the reader solely would get flavor of necessary theoretical developments. The most
valuable contributions into this area of research were elaborated a few decades ago by
M. S. Wertheim [37, 38, 39, 40]. Here, in the following subsection we would like to con-
sider some of the modeling issues from a less sophisticated approach by G. Stell and P.
Cummings [41].

Before that, it is worth mentioning that strictly speaking the interaction potentials
to yield association between particles of species A and B must result from quantum
mechanical considerations. Nevertheless, using effective pair potentials as input to a
classical statistical mechanical procedure has a long history. One of interesting and
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important examples is the so-called central force model for liquid water by Lemberg
and Stillinger. In this model, water is considered as a mixture of charged hydrogen,
Hq, and oxygen, O−2q, atoms interacting via pairwise potentials with q = 0.32983e0 (e0
is the elementary charge). The interaction between positively charged hydrogen atom
and negatively charged oxygen atom (both with "effective" charges) is Coulomb-like at
large separations and is rapidly varying function with specific shape at short range. This
interaction, together with the repulsive potential of peculiar shape between hydrogen
atoms, imposes correct geometry and stoichiometry of the water molecules (see Fig. 25.1).
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Fig. 25.1: The central force model of water, u(r)/kBT, at T = 298.15 K for the intramolecular
forces oxygen-oxygen (OO), hydrogen-hydrogen (HH), and oxygen-hydrogen (OH) [42].

Statistical mechanical treatment of the model leads to adequate description of the
network of hydrogen bonds in liquid water at room temperature and reasonable values of
thermodynamic properties.

25.4 On the chemical association in non-ideal fluids
As mentioned slightly above, we would like to elaborate here the same example, as in
Sec. 25.2, of the simple chemical reaction, A + B ⇌ AB, and focus in the problem to get
the equilibrium rate constant, written similarly to Eq. (25.23),

K(T,V) =
[AB]
[A][B]

, (25.26)

where the notation [X] corresponds to the concentration of species X particles. Thus,
we would like to consider heterogeneous dimerization reaction. The potential energy of
the system consists of the pair interaction potentials (similarly to Eq. (6.13) of chapter 6)
between particles of all species, uAA(r), uBB(r) and uAB(r). We assume equimolar mixture
of A and B. Formally speaking, one can calculate the pair distribution functions, gAA(r),
gBB(r) and gAB(r), by using integral equations method (see chapter 23) that describe the
microscopic structure and thermodynamics of the model. The probabilistic interpretation
of the gAB(r) distribution function permits to obtain the average number e.g. of B type
particles whose distance from a chosen A particle is in the interval between l1 and l2
(introduce notation nB

l1l2) as follows,

nB
l1l2 = ρB0

∫
l1<r<l2

gAB(r)dr, (25.27)
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where ρB0 = ρA0, are the total densities of species B and A particles. Then, it is natural to
define a pair of A and B to be "chemically" associated into a dimer (or diatomic) molecule
AB by using geometric criterion,

ρAB = ρA0ρB0

∫
Rd<r<Ru

gAB(r)dr, (25.28)

where the existence of a molecule AB with the intramolecular parameter, rAB, is identified
by the interval of distances Rd < r < Ru (down and up). This equation provides definition
of the quantity [AB] in Eq. (25.26). The quantities [A] and [B] are identified with the
densities of non-associated (free) A and B particles. In essence, the equilibrium rate
constant is related to the pair distribution function.

As we have mentioned in the previous section the kind of chemical reaction to deal
with determines the partition function of the product. Here, this statement must be
reformulated as follows. One should design the form of interaction potential that fit or
say satisfy conditions of the formation of definite type of products. In other words, the
Hamiltonian model must ensure steric saturation for the reaction in question, that is the
formation of diatomic molecules but not the formation of n-mers for n ≥ 3 (e.g. ABA, AAB,
BBA, etc.). The prototype model for dimerization, applied by Cumming and Stell [41], is,

uAA(r) = uBB(r) =

{
∞, if r < σ,
0, if r ≥ σ,

(25.29)

and

uAB(r)/kB =


ε1, 0 < r < L − w/2,
− ε2, L − w/2 < r < L + w/2,
ε1, L + w/2 < r < σ,
0, r > σ,

(25.30)

where kB is Boltzmann’s constant. If Ru is chosen as L + w/2 and Rd to be in the interval
[0, L + w/2), the definition for the density of dimers according to Eq. (25.28) is unambigu-
ous through the prevention of polymerization beyond the dimer level. Once a type A
and type B particles are separated by less than L + w/2 ≤ σ/2, no other type A or type
B particles may be bound to the dimer, according to the geometry of interaction. This
mechanism of excluding species with three and more monomer can be referred to as steric
saturation.

The choice Rd = L−w/2 is quite natural, since it corresponds to an energetic definition
of associated atoms. The two atoms are defined to be associated if their two-body energy is
large and negative. One can consult a more references to find different versions of criteria
to describe e.g. hydrogen bonding in water and aqueous solutions.

Unfortunately, the model given by Eqs. (25.29) and (25.30) is not solvable analytically
for technical reasons. Therefore, to get analytical solution, Cummings and Stell had
transformed the model into infinitely deep (ε2 →∞), infinitesimally wide (w→ 0) attractive
well, keeping the second virial coefficient (cf. Eq. (21.39) from chapter 21) of the original
and modified model equal. The pair potential model used for the AB interaction is
depicted in Fig. 25.2.
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Fig. 25.2: Prototype model for dimerization [41]. The blue line corresponds to the AA and
BB interactions (hard sphere potential with diameter σ) and the black line corresponds to
the AB interaction.

Next, the modified model has been solved by using integral equations methodology of
the theory of liquids to get gAB(r) and elaborate the equilibrium rate constant as a function
of density and temperature according to Eq. (25.28). The level of mathematics necessary to
follow the solution in details does not permit us to provide a more extended explanation
in this text. Interested students can consult Refs. [41, 42, 43, 44] and the references therein.





26. Appendix

26.1 Appendix A: Thermodynamic relations
In these notes, we have used the following thermodynamic relation,

Cp − Cv =

[(
∂U
∂V

)
T
+ P

](
∂V
∂T

)
P

. (26.1)

It is an interesting equation deserving analysis in more detail. We provide a set of
comments on it below.

Let us begin with with some auxiliary issues. Namely, formal relation determining
equation of state of a fluid is, P = P(V, T). Then,

dP =

(
∂P
∂V

)
T

dV +

(
∂P
∂T

)
V

dT. (26.2)

If one works at constant pressure (dP = 0), then,(
∂P
∂V

)
T

dV = −
(

∂P
∂T

)
V

dT, (26.3)

or (
dV
dT

)
P
= −

(
∂P
∂T

)
V

/
(

∂P
∂V

)
T

. (26.4)

In other words, we have,(
∂P
∂V

)
T

(
∂V
∂T

)
P

(
∂T
∂P

)
V
= −1. (26.5)

Now, we would like to refer to experimentally accessible or say measurable quantities.
Namely, α = (1/V)(∂V/∂T)P is called the temperature coefficient of volume expansion,
whereas β = −(1/V)(∂V/∂P)T is the isothermal compressibility.

From the first law of thermodynamics, dQ = dU + dW (dW = PdV, U = U(T,V)), we
have,

dQ = dU + PdV =

(
∂U
∂T

)
V

dT +

(
∂U
∂V

)
T

dV + PdV, (26.6)
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or

dQ =

(
∂U
∂T

)
V

dT +

[(
∂U
∂V

)
T
+ P

]
dV. (26.7)

Recall that the heat capacity at constant volume is: CV = (dQ/dT)V = (dU/dT)V . Now,
we would like to make transformation to the independent variables, P and T, using
V = V(T, P), that correspond to the conditions of laboratory experiment. Hence,

dQ =

(
∂U
∂T

)
V

dT +

[(
∂U
∂V

)
T
+ P

](
∂V
∂T

)
P

dT. (26.8)

This relation yields the heat capacity at constant pressure,

CP =

(
dQ
dT

)
P

; CP − CV =

[(
∂U
∂V

)
T
+ P

](
∂V
∂T

)
P

, (26.9)

How we can use this relation and verify it by measurements? From the second law
of thermodynamics we use the concept of entropy, dQ = TdS. Combining what we had
already above from the first law i.e. from Eq. (26.7),(

∂S
∂T

)
=

1
T

(
∂U
∂T

)
V

, (26.10)

and (
∂S
∂V

)
=

1
T

[(
∂U
∂V

)
T
+ P

]
. (26.11)

However, ∂2S
∂T∂V = ∂2S

∂V∂T . Explicitly, we obtain,

∂

∂V

(
∂S
∂T

)
=

1
T

∂2U
∂V∂T

, (26.12)

and

∂

∂T

(
∂S
∂V

)
= − 1

T2

[(
∂U
∂V

)
T
+ P

]
+

1
T

[
∂2U

∂T∂V
+

(
∂P
∂T

)
V

]
. (26.13)

Then, it follows,

−
[(

∂U
∂V

)
T
+ P

]
+ T

(
∂P
∂T

)
V
= 0. (26.14)

Therefore, we can eliminate the square bracket in Eq. (26.9) in favor of the derivative of
pressure by temperature,

CP − CV = T
(

∂P
∂T

)
V

(
∂V
∂T

)
P
= −T

[(
∂V
∂T

)
P

]2( ∂P
∂V

)
T
= VTα2/β, (26.15)

where the result of chain Eq. 26.10 has been used. In conclusion, the l.h.s. of the equation
above is expressed only in terms of experimentally measurable coefficients.
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26.2 Appendix B: Elements of the probability theory

In many phenomena, as it follows from practice or real life, one can observe not entirely
definite results upon repetition of the same action (or say performing the same experiment)
under the same conditions. In other words, one is speaking about the experiments yielding
random results. Let call them as random experiments and assume that they can be
repeated, at least in principle, unlimited number of times. Mathematical description of
such random experiments of phenomena is the subject of the probability theory.

Any kind of results of such random experiment observed either visually or by using
certain measurement device can be denominated as a random event. A few examples
can be given, such as: A) observing head or tail upon throwing a coin, B) winning the
lottery, C) amount of goods sold in a shop per day. Intuitively clear that the event A is
more possible than the event B, for example.

One would like to introduce mathematical or number characteristics for the possibility
of occurrence of random event in a certain experiment. Possibly the simplest way is to
perform N times the same experiment and count the number N(A) when the event A
happens. Then, the probability of the event A, called P(A) is the number related to the
frequency of this event in the following form,

P(A) = lim
N→∞

N(a)
N

. (26.16)

Evidently, that the definition implies, 0 ≤ P(A) ≤ 1. If the event A occurs always, then
P(A) = 1, in contrast P(A) = 0, if A never occurs.

Additional elements used below are as follows. One can define the space of elementary
events, Ω. Those are definite distinct results, that mutually exclude each other. As an
example, consider an experiment of throwing a true die once.

Then the elementary events can be ωi = 1,2,3,4,5,6 describing outputs when the
number i appears on the upper surface of the die. Consequently, the space of elementary
events in this particular case is Ω = ω1,ω2,ω3,ω4,ω5,ω6.

If the space Ω is discrete (finite or can be enumerated), then the random event repre-
sents any subset of Ω. Moreover, any random event A ⊂ Ω consists of elementary events.
Referring to the example of a die above, a subset of elementary events that form event
A =(odd number of points) is A = ω1,ω3,ω5; or e.g. event B =(the number of points on
the edge is greater than three) is B = ω4,ω4,ω6.

By such definition the event is identified with certain set, thus one can perform
operations, like sum, difference and product, with events as are done with sets of elements.
In other words, one can define algebra of events with necessary properties. To explain
this, let us explore the simplest exercise. Namely, a single experiment of throwing the coin
is done. The task is to construct the space of elementary events and to construct algebra in
it. Possible results of the experiment determine two elementary events: H (head) and T
(tail). The space of elementary events is: Ω = {H, T}. The space Ω is finite, therefore, as
algebra A, we can choose a set of all possible subsets from Ω. Thus, A = (∅, H, T,{H, T}),
and satisfies all the properties of algebra.

Three elements, Ω, A and P(A) - a function defined on the algebra A and describing
the probability of the event A all together are called the probabilistic space and represent
a mathematical model of random experiment.

Several experimental situations, like throwing a coin or a die, or some others, are well
described by simple models. Really, if a set of elementary events is finite (and in fact not
too big) like in these mentioned cases, let us denote the probabilities of the elementary
events, ωi, i = 1,2,3,4, ..,n, ωi ∈ Ω by non-negative numbers p(ωi), such that,

n

∑
i=1

p(ωi) = 1, (26.17)
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then the probability P(A) of the event A (A ⊂ Ω), can be determined from the equation,

P(A) = ∑
ωi∈A

p(ωi), (26.18)

where ωi are the elements of A. Of particular interest is the case when the probabilities
of all elementary events are equal, i.e. p(ωi) = p, for all i, i = 1,2,3,4, ..,n. Then, p = 1/n.
More generally, the equation above can be rewritten, as,

P(A) =
|A|
|Ω| =

k
n

, (26.19)

where |A|= k is the number of elementary events that for A, and |Ω|= n the entire number
of elementary events. This expression corresponds to the so-called classical definition of
probability.

If, one needs to calculate explicitly, the numbers k and n to find P(A), the combinatorial
formulas are used. Recall that the number of m-combinations of an n-set, Cm

n , is related to
the number of m-permutations of n by,

Cm
n =

n!
m!(n − m)!

. (26.20)

As an example consider the following exercise. There are 20 identical milk bottles and
5 of them contain bad or spoiled (or overtimed) product. To make quality test, 3 bottles
have been randomly chosen. What is the probability that only the good bottles will be
between these three? As an elementary events in such an experiment, we have the choice
of any triples of 20. All these events are equiprobable and their number is |Ω| = C3

20. The
number of elementary events forming the event A equals to C3

15. Then,

P(A) =
|A|
|Ω| =

C3
15

C3
20

=
15!/3!12!
20!/3!17!

= 91/228. (26.21)

The classic definition of probability cannot be used to the experiment with infinite
number of equiprobable results in Ω. In such a case, one needs to resort to the geometric
definition of probability. Assume that Ω is the restricted region on a) number axis, b)
on plane and c) in three-dimensional space. Assume that Ω has a) length, b) area and c)
volume. A system A of subsets from Ω form an adequate algebra to define the probability.
Then, by definition, the event A, has the probability,

P(A) =
µ(A)

µ(Ω)
, (26.22)

where µ(A) is the length or area or volume of a subset A. This is a geometric definition.
For illustration make the following exercise. Let throw a point into the circle with radius
R. How to find the probability that the point will fall into a square, centered inside a circle
and having a diagonal with the length 2R. Show that P(A) = 2/π.

In several places of the previous discussion we referred to the results of a single
experiment to apply certain mathematical constructions. On the other hand, a set of
experiments is necessary to perform with the sake of using concepts of the probability
theory. What we have in mind is that if a series of experiments is performed, the results of
each of them appear to be independent, or in other words the result of a given experiment
or trial is independent on the result of the previous experiment. The simplest class of
repeated trials is a series of independent trials with solely two possible outputs, e.g.
success of failure. As a success we think off the occurrence of certain event A, and by
failure - that the event A does not occur in a single trial. The probabilities of success
P(A) = p and of failure P(A) = q = 1− p are constant along the entire series of tests. Such
a series is called as the scheme of independent trials of Bernoulli. The formula of Bernoulli
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determines the probability Pn(m) of observing the event A m times while performing n
independent trials,

Pn(m) = Cm
n pmqn−m, (26.23)

where Cm
n is the combinatorial multiplier given above.

If n and m are sufficiently big, then it is very difficult to use the formula of Bernoulli
in practical calculations. In practice, several approximations are used dependent on the
values of p,q,n,m. Namely, if p is small (p < 0.1) and for big n, such that np < 20, the
Poisson expression is conveniently used,

Pm
n ≈ λm

m!
e−λ, λ = np. (26.24)

On the other hand, if n > 100, p and q are not small and if npq > 20, the approximate
formula of Moivre - Laplace is applied,

Pm
n ≈ 1√

npq
ϕ(xm), xm =

m − np√
npq

, (26.25)

where the function ϕ(x) is,

ϕ(x) =
1√
2π

e−
1
2 x2

(26.26)

It is worth mentioning the properties of the function ϕ(x). It is even, ϕ(x) = ϕ(−x) and
takes maximum value at x = 1√

2π
. The function can be plotted easily.

In many applications it is necessary to have the probability, that the event will occur
not less than m1 times and not more than m2 times, i.e. to calculate Pn(m1 < m < m2). The
result of this type of calculations follows from the integral theorem of Moivre - Laplace.
Namely, if p is constant (0 < p < 1), then at n → ∞,

Pn

(
a ≤ m − np√

npq
≤ b
)
→ 1√

2π

b∫
a

e−
1
2 x2

dx. (26.27)

For the sake of better understanding, let us comment on the properties of the Laplace
function used just above,

Φ(x) =
1√
2π

x∫
0

e−
1
2 x2

dx. (26.28)

It is easy to observe that, this function is even, Φ(x) = Φ(−x), Φ(0) = 0, the function Φ(x)
is monotonously growing and limx→∞ Φ(x) = 0.5. Consequently,

Pn

(
a ≤ m − np√

npq
≤ b
)
→ Φ(b)− Φ(a). (26.29)

In several places and exercises above we have used issues just reformulated and stated
more explicitly now. A random variable ξ(ω) is the number function of the elementary
event ω ∈ Ω. It is in fact an extension of the notion of number function, y = f (x), of the
real argument x in calculus. Because ξ(ω) is the number function it has correspondence
with a set of numbers of real number axis R. These numbers describe a set of possible
values of the random variable. More important is that to describe the random variable
completely, it is insufficient to give solely a set of its possible values. Namely, in addition,
it is necessary to provide the probabilities of all possible values. Any kind of a rule or
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law, that establishes relation between possible values of random variable is called as the
law of distribution (or just distribution) of random variable. Dependent on the intrinsic
nature of the set of possible values one can distinguish random variable of discrete type
and continuous random variable. For example, in close similarity to our discussion above,
one can say that the random discrete variable ξ(ω) is distributed according to the Poisson
law, if its distribution has the form

ξ(ω) 0 1 2 3 ...
Pm P0 P1 P2 P3 ...

where Pm = λm

m! e−λ λ = np. It is easy to show that ∑∞
k=0 Pk = 1.

Proceed now to the continuous random variable. A random variable ξ(ω) is called
random continuous variable if a set of its values represents certain interval (a,b) (finite
or infinite) of the number axis R. Because possible values of random continuous variable
continuously fill the interval (a,b), the construction of the distribution should differ from
the case of a discrete variable. The method in the present case is in the construction of a
distribution function.

Definition: The function Fξ(x) of the real variable x, −∞ < x < ∞, defined by the
expression,

Fξ(x) = P(ξ < x), (26.30)

is called the distribution function of the random variable ξ(ω).
Thus, Fξ(x) is the probability that ξ(ω) takes value less than x (or takes value in the

interval −∞ < x). With this definition, one can find the probability of any kind of event of
the type x1 ≤ ξ(ω) < x2 or in other words from the interval [x1, x2). To do that, let us use
the following relation between events,

ξ(ω) < x2 = ξ(ω) < x1 + (x1 ≤ ξ(ω) < x2). (26.31)

Then, it follows that,

Fξ(x2) = Fξ(x1) + P(x1 ≤ ξ(ω) < x2), (26.32)

and consequently,

P(x1 ≤ ξ(ω) < x2) = Fξ(x2)− Fξ(x1). (26.33)

It is easy to note that: 0≤ Fξ(x)≤ 1 for −∞ < x < ∞; Fξ(−∞) = 0 and Fξ(∞) = 1. Moreover,
for continuous random variable ξ(ω) its distribution function Fξ(x) is continuous as well.

Final comments of this chapter refer to one more important concept. First, we would
like to mention that in the majority of applications most frequently continuous random
variables are the absolutely continuous random variables. By definition continuous random
variable ξ(ω) is called the absolutely continuous random variable if for all values x of the
number axis R there exists a function fξ(x) such that,

Fξ(x) =
x∫

−∞

fξ(t)dt. (26.34)

The function fξ(x) is called the probability density distribution for the random variable
ξ(ω). The probability density has the following properties: 1) fξ(x) ≥ 0, −∞ < x < ∞;

2) Normalization condition
∞∫

−∞
fξ(t)dt = 1; 3) F

′
ξ(x) = fξ(x) in the points of continuity of

fξ(x).
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Using the definition, we can rewrite Eq. (26.33) as follows,

P(x1 ≤ ξ(ω) < x2) =

x2∫
x1

fξ(t)dt. (26.35)

The notion of the probability density distribution becomes clearer then. Namely, the
integration of the probability density yields probability on the l.h.s. of this equation.

Two exercises are provided as a homework.

Exercise 26.1 Let the probability density fξ(x) of ξ(ω) is,

fξ(x) =
{

asinx, 0 ≤ x ≤ π
0, x < 0, x > π

, (26.36)

Find: a) the coefficient a; b) the distribution function Fξ(x) and c) the probability that
ξ(ω) is in the interval (0,π/4).

Solution: The probability density function should be normalized! Then,

∞∫
−∞

fξ(x)dx =

π∫
0

asinxdx = 1. (26.37)

Then,

a = 1/
π∫

0

sinxdx = 1/2, (26.38)

Fξ(x) =
x∫

−∞

fξ(t)dt = (1/2)
x∫

0

sintdt = (1 − cosx)/2, (26.39)

where 0 < x ≤ π. Besides, Fξ(x) = 0 for x ≤ 0 and Fξ(x) = 1 for x > π. Result for point
c is: P ≈ 0.147.

■

Exercise 26.2 A random variable is ξ(ω) is called as homogeneously distributed in the
interval [a,b], if its density distribution has the form,

fξ(x) =
{ 1

b−a , a ≤ x ≤ b
0, x < a, x > b

, (26.40)

With this assumption, find the distribution function, Fξ(x), and plot it. Result:
Fξ(x) = 0 for x ≤ a and Fξ(x) = 1 for x > b, Fξ(x) = (x − a)/(b − a) for a < x ≤ b.

■

26.3 Appendix C: Mathematical Series and Special Functions

The Taylor expansion of the logarithm is written as,

ln(1 + x) =
∞

∑
n=1

(−1)n+1 xn

n
= x − x2

2
+

x3

3
− · · · , (26.41)
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for |x| < 1. The geometric series can be written as,

1
1 − x

=
∞

∑
n=0

xn, (26.42)

convergent for |x| < 1. The exponential function ex can be expressed as a series, as follows,

ex =
∞

∑
n=0

xn

n!
= 1 + x +

x2

2!
+

x3

3!
+ · · · (26.43)

where the serie converges for all value of x. The usual trigonometric functions and their
inverses have the following series form,

sin x =
∞

∑
n=0

(−1)n

(2n + 1)!
x2n+1 = x − x3

3!
+

x5

5!
− · · · , (26.44)

cos x =
∞

∑
n=0

(−1)n

(2n)!
x2n = 1 − x2

2!
+

x4

4!
− · · · , (26.45)

tan x =
∞

∑
n=1

B2n(−4)n (1 − 4n)

(2n)!
x2n−1 = x +

x3

3
+

2x5

15
+ · · · , (26.46)

where Bk’s are the Bernoulli numbers. In addition to these equations, we have included
the following hyperbolic functions,

tanh x =
∞

∑
n=1

22n(22n − 1)B2nx2n−1

(2n)!
= x − x3

3
+

2x5

15
− 17x7

315
+ · · · , (26.47)

vaid for |x| < π
2 . For coth x, the Taylor series expansion is given by,

coth x =
∞

∑
n=0

22nB2nx2n−1

(2n)!
=

1
x
+

x
3
− x3

45
+

2x5

945
− x7

4725
· · · , (26.48)

valid for 0 < |x| < π. One of the most important special functions is the Γ function. The
gamma function, Γ(z), is defined for all complex numbers z except non-positive integers.
For every positive integer z = n, it satisfies,

Γ(n) = (n − 1)!. (26.49)

The gamma function can be defined via a convergent improper integral for complex
numbers with positive real part,

Γ(z) =
∫ ∞

0
tz−1e−t dt, ℜ(z) > 0. (26.50)

If the real part of the complex number z is strictly positive (ℜ(z) > 0), then the integral of
Eq. (26.50) converges absolutely, and is known as the Euler integral of the second kind.

Other important special function is the Riemann zeta function, denoted by the letter ζ.
This function is defined as,

ζ(s) =
∞

∑
n=1

1
ns =

1
1s +

1
2s +

1
3s + · · · , (26.51)

for Re(s) > 1. The Riemann zeta function is a function of a complex variable s = σ + it,
where σ and t are real numbers. When Re(s) = σ > 1, the function can be written as a
converging summation or as an integral,

ζ(s) =
∞

∑
n=1

1
ns =

1
Γ(s)

∫ ∞

0

xs−1

ex − 1
dx . (26.52)

The Riemann zeta function is defined for other complex values via analytic continuation
of the function defined for σ > 1.
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26.4 Appendix D: Elements of quantum mechanics

This piece below is from Russian brief version of L. Landau, E. Lifshitz "Quantum me-
chanics" [10].

In matrix mechanics, observables such as position and momentum are represented by
self-adjoint operators. When considering pairs of observables, an important quantity is
the commutator. For a pair of operators Â and B̂, one defines their commutator as,

[Â, B̂] = ÂB̂ − B̂Â. (26.53)

In the case of position and momentum, the commutator is the canonical commutation
relation,

[x̂, p̂] = ih̄. (26.54)

The physical meaning of the non-commutativity can be understood by considering the
effect of the commutator on the coordinate and momentum eigenstates. Let |ψ⟩ be a right
eigenstate of the coordinate with a constant eigenvalue x0. By definition, this means that
x̂|ψ⟩ = x0|ψ⟩ .

Applying the commutator to ψ⟩ yields,

[x̂, p̂]|ψ⟩ = (x̂ p̂ − p̂x̂)|ψ⟩ = (x̂ − x0 Î) p̂|ψ⟩ = ih̄|ψ⟩, (26.55)

where Î is the identity operator.
Suppose, for the sake of proof by contradiction, that |ψ⟩ is also a right eigenstate of

momentum, with constant eigenvalue p0. If this were true, then one could write,

(x̂ − x0 Î) p̂|ψ⟩ = (x̂ − x0 Î)p0|ψ⟩ = (x0 Î − x0 Î)p0|ψ⟩ = 0. (26.56)

On the other hand, the above canonical commutation relation requires that,

[x̂, p̂]|ψ⟩ = ih̄ψ⟩ ̸= 0. (26.57)

This implies that no quantum state can simultaneously be both a coordinate and a mo-
mentum eigenstate.

When a state is measured, it is projected onto an eigenstate in the basis of the relevant
observable. For example, if a particle’s position is measured, then the state amounts to
a position eigenstate. This means that the state is not a momentum eigenstate, however.
Rather it can be represented as a sum of multiple momentum basis eigenstates. In other
words, the momentum must be less precise. This precision may be quantified by the
standard deviations,

σx =
√
⟨x̂2⟩ − ⟨x̂⟩2, (26.58)

and

σp =
√
⟨ p̂2⟩ − ⟨ p̂⟩2. (26.59)

One observes a balance between the respective precisions of the two, quantified by the
uncertainty principle,

σxσp ≥
h̄
2

. (26.60)
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26.5 Appendix E: linear transformations
First, let us introduce the variables, ηi = (mi/m)1/2ξi and ãij = (m2/mimj)

1/2aij, and make
the transformation of the initial Hamiltonian defined by Eq. (14.11) and given in terms of
variables ξ, into the form,

H =
3N

∑
i=1

1
2

mη̇2
i +

1
2

3N

∑
i,j

ãijηiηj + U(0)
N . (26.61)

The matrix A with the elements ãij is symmetric in close similarity to the initial matrix aij.
Moreover its elements are real. In consequence, the matrix A is self-adjoint. Below, one
can find some useful notes. Next, we return to the problem in question.

Note 1: A square matrix is called Hermitian if it is self-adjoint. Therefore, a Hermitian
matrix A = (aij) is defined as one for which A = AH, where AH denotes the conjugate
transpose. This is equivalent to the condition aij = āji, where z̄ denotes the complex
conjugate. As a result of this definition, the diagonal elements aii of a Hermitian matrix
are real numbers (since aii = āii), while other elements may be complex.

Note 2: Eigenvalues are a special set of scalars associated with a linear system of
equations (i.e., a matrix equation) that are sometimes also known as characteristic roots,
characteristic values, proper values, or latent roots.

Note 3: The determination of the eigenvalues and eigenvectors of a system is extremely
important in physics and engineering, where it is equivalent to matrix diagonalization and
arises in such common applications as stability analysis, the physics of rotating bodies,
and small oscillations of vibrating systems, to name only a few. Each eigenvalue is paired
with a corresponding so-called eigenvector.

Mathematical notes: Let A be a linear transformation represented by a matrix A. If
there is a vector X in X ∈ Rn ̸= 0 such that,

AX = λX, (26.62)

for some scalar λ, then λ is called the eigenvalue of A with corresponding eigenvector X.
Let A be a square matrix with eigenvalue λ. Then, the corresponding eigenvectors satisfy
the equation,

(A − λI)X = 0, (26.63)

where I is the identity matrix. A linear system of equations above has nontrivial solutions
if the determinant vanishes, so the solutions of the matrix equation are given by,

det(A − λI) = 0. (26.64)

This equation is known as characteristic equation of A.
For example, for a 2 × 2 matrix, the eigenvalues are,

λ1,2 =
1
2

[
(a11 + a22)±

√
(4a12a21 + (a11 − a22)2)

]
, (26.65)

which arises as the solutions of the characteristic equation,

x2 − x(a11 + a22) + (a11a22 − a12a21) = 0. (26.66)

If the eigenvalues are known, then the eigenvectors corresponding to each eigenvalue can
be found using Eq. (26.63).

Return now, to the transformations of our interest. In order to perform diagonalization
of the term describing the potential energy ηiηj in the Hamiltonian let do the following
steps. The self adjoint square matrix we deal with, is of the size 3N × 3N. So it has 3N
orthonormal eigenvectors si that can be determined from matrix equation

Asi = λisi, (26.67)
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where λi is the i-th eigenvalue of the matrix A. The eigenvector si is a column of 3N
elements, denote them si1, si2, ..., si,3N . The eigenvectors of the matrix in question are
orthonormal, i.e.,

sT
i sj =

3N

∑
k=1

siksjk = δij. (26.68)

In above, sT
i is the row vector constructed by taking transpose of the column vector si.

Now, let us form a matrix S from the column eigenvectors s1, ...,s3N . This matrix has the
following properties,

STS = I = [δij], (26.69)

and,

STAS = Λ = [λiδij]. (26.70)

These manipulations permit us to make the following steps. First, rewrite the Hamilto-
nian of Eq. (26.61) using matrix notation,

H =
1
2

mη̇ηηTTT η̇ηη +
1
2

ηηηTTT AAAηηη + U(0)
N , (26.71)

and then apply transformation of coordinates, ηηη = SSSζζζ in the spirit of Eq. (14.13). Then, the
Hamiltonian becomes converted into the desired result,

H =
1
2

mζ̇ζζ
TTT

SSSTSSSζ̇ζζ +
1
2

mζζζTTTSSST AAASSSζζζ + U(0)
N =

3N

∑
i=1

1
2
[mζ̇2

i + λiζ
2
i ] + U(0)

N . (26.72)

26.6 Appendix F: Laplace transforms

Theorem: For any two functions f (t) and g(t) with Laplace transforms f̃ (s) and g̃(s) we
have,

L( f ∗ g) = f̃ (s)g̃(s), (26.73)

where f ∗ g denotes convolution integral.
Proof: Start from,

L( f ∗ g) =
∞∫

0

( f ∗ g)(t)e−stdt =
∞∫

0

dte−st
t∫

0

f (t − u)g(u)du. (26.74)

Change the order of integration in the r.h.s. (see figure below),

∞∫
0

t∫
0

f (t − u)g(u)e−st =

∞∫
0

∞∫
u

f (t − u)g(u)e−stdtdu. (26.75)

Now, change variable in the inner integral, v = t − u, dv = dt (with u constant),

∞∫
0

∞∫
0

f (v)g(u)e−sv+udvdu =

∞∫
0

f (v)e−svdv
∞∫

0

g(u)e−sudu = f̃ (s)g̃(s). (26.76)

The Fig. (26.1) illustrates the order of integrations in the Eq. (26.76).
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t

u

t = u

t

u

t = u

Fig. 26.1: Changing the order of integration to prove that the Laplace transform of the
convolution integral is the product of Laplace transforms of the functions involved in the
convolution.

26.7 Appendix G: Dirac delta function

Since the Dirac delta function and its properties are used frequently throughout this book,
we find it pertinent to include a brief appendix presenting some key definitions and
properties. The Dirac delta function, commonly denoted as δ(r), depends on the variable
r and is defined such that it equals zero for all values of r except at r = 0, where it exhibits
a singularity. Its defining property is that the integral over the entire real line is equal to
one. Thus, the delta function can be expressed as,

δ(r) =

{
∞, if r = 0
0, if r ̸= 0

, (26.77)

which satisfies the condition,

∞∫
−∞

drδ(r) = 1, (26.78)

where, if f (r) is a continuous function over the interval [a,b] containing the point r = 0,
then,

b∫
a

dr f (r)δ(r) = f (0). (26.79)

More generally, the symbol δ(r − a) represents the delta function centered at meaning it is
zero everywhere except at r = a. If r = a lies within the integration limits, then,∫

dr f (r)δ(r − a) = f (a), (26.80)

for any continuous function f (r).

Properties

The delta function satisfies the following scaling property for a non-zero scalar α,∫ ∞

−∞
δ(αr)dr =

∫ ∞

−∞
δ(u)

du
|α| =

1
|α| , (26.81)
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and so

δ(αr) =
δ(r)
|α| . (26.82)

In particular, the delta function is an even distribution (symmetry), in the sense that

δ(−r) = δ(r), (26.83)

which is homogeneous of degree -1. The distributional product of δ with r is equal to zero,
rδ(r) = 0. More generally, (r − a)nδ(r − a) = 0 for all positive integers n. Conversely, if
r f (r) = rg(r), where f and g are distributions, then,

f (r) = g(r) + cδ(r), (26.84)

for some constant c.

26.8 Appendix H: Virial expansion
The virial equation of state expresses the deviations from the ideal behavior as a infinite
power series in ρ as follows,

P
kBT

= ρ

[
1 +

∞

∑
j=1

ρjBj+1

]
, (26.85)

where B2(T), B3(T), ... are the second, third, ... virial coefficients, respectively. These virial
coefficients depend solely on temperature as mentioned in the principal text. The j-th virial
coefficient can be calculated in terms of the interactions of j molecules. It is convenient to
derive necessary result by considering the grand canonical partition function,

Ξ(µ,V, T) =
∞

∑
N=0

QN(N,V, T)λN , (26.86)

where λ = exp(µ/kBT) is the activity and QN is the canonical partition function. Also
recall that,

QN =
1

N!

(
2πmkBT

h2

)3N/2

ZN , ZN =
∫

dr1 · · ·drNe−βUN(r1,r2,··· ,rN), (26.87)

cf. Eq. (12.28) for the normalized configurational partition function, and where in the
absence of inter-particle interaction,

Q1 =

(
2πmkBT

h2

)3/2

V; QN =
1

N!

(
Q1

V

)N

ZN . (26.88)

Then, in accordance with Eq. (11.32),

PV = kBT lnΞ = kBT ln

(
1 +

∞

∑
N=1

QN(V, T)λN

)
. (26.89)

Substituting Eq. (26.88) into Eq. (26.89) one obtains,

PV = kBT ln

(
1 +

∞

∑
N=1

1
N!

zNZN(V, T)

)
, (26.90)

where the notation z = λQ1/V has been introduced. Expansion of ln(1 + x) into the series
according to Eq. (26.41) leads to the expression for the pressure,

P = kBT
∞

∑
j=1

bjzj, (26.91)
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where the first coefficients bj are,

b1 =
1

1!V
Z1 = 1, (26.92)

b2 =
1

2!V
(Z2 − Z2

1), (26.93)

b3 =
1

3!V
(Z3 − 3Z2Z1 + 2Z3

1), (26.94)

· · · · · ·

On the other hand, the average number of particles in the grand canonical ensemble is
defined by,

< N >= kBT
(

∂ lnΞ
∂µ

)
V,T

= λ

(
∂ lnΞ

∂λ

)
V,T

. (26.95)

Therefore,

ρ =
< N >

V
=

λ

V

(
∂ lnΞ

∂λ

)
V,T

=
z
V

(
∂ lnΞ

∂z

)
V,T

=
z

kBT

(
∂P
∂z

)
V,T

,

=
∞

∑
j=1

jbjzj, (26.96)

where the last line follows from the application of Eq. (26.91). Now, we wish to invert this
relationship, ρ(z), and obtain the function z(ρ). The series for the activity z is,

z = a1ρ + a2ρ2 + a3ρ3 + · · · , (26.97)

whereas from Eq. (26.96),

ρ = b1z + 2b2z2 + 3b3z3 + · · · . (26.98)

Then,

ρ = ρ(b1a1) + ρ2(b1a2 + 2b2a2
1) + ρ3(b1a3 + 4b2a1a2 + 3b3a3

1) + · · · . (26.99)

Comparing the coefficients at the same degree of density on both sides of this equation,
one obtains,

b1a1 = 1 → a1 = 1/b1,

b1a2 = −2b2a2
1 → a2 = −2b2, b2 = −a2/2, (26.100)

b1a3 = −4b2a1a2 − 3b3a3
1 → a3 = 8b2

2 − 3b3, b3 =
1
3
(2a2

2 − a3).

Then, taking into account Eq. (26.92), the coefficients ai are,

a1 = 1,
a2 = −2b2, (26.101)

a3 = −3b3 + 8b2
2,

· · · · · ·

Thus the function z(ρ) can be written as,

z = ρ − 2b2ρ2 + (8b2
2 − 3b3)ρ

3 + · · · . (26.102)
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We can substitute this result into Eq. (26.91) to get,

P
kBT

=b1z + b2z2 + b3z3 + · · · = z − 1
2

a2z2 +
1
3
(2a2

2 − a3z3) + · · ·

=(a1ρ + a2ρ2 + a3ρ3 + · · · )− a2

2
(a1ρ + a2ρ2 + a3ρ3 + · · · )2+

1
3
(2a2

2 − a3)(a1ρ + a2ρ2 + a3ρ3 + · · · ), (26.103)

=a1ρ + ρ2
(

a2 −
a1a2

2

)
+ ρ3

(
a3 − a1a2

2 +
1
3
(2a2

2 − a3)a3
1

)
+ · · ·

=ρ + ρ2(−b2) + ρ3
(

1
3
(2(8b2

2 − 3b3)− 4b2)

)
+ · · ·

=ρ + ρ2(−b2) + ρ3(4b2
2 − 2b3) + · · · ,

or equivalently,

P
kBT

= ρ + B2(T)ρ2 + B3(T)ρ3 + · · · , (26.104)

where

B2(T) = −b2 = − 1
2V

(Z2 − Z2
1), (26.105)

B3(T) = 4b2
2 − 2b3 =

1
V2 (Z2 − Z2

1)−
1

3V
(Z3 − 3Z2Z1 + 2Z3

1), (26.106)

where B2(T) and B3(T) are the second and third virial coefficients, respectively.
We must now show that these results are equivalent to the Mayer expansion results

obtained in the canonical ensemble. For this, we first calculate the second and third virial
coefficients, we need,

Z1 =
∫

V
dr1 = V, (26.107)

Z2 =
∫

V
dr1dr2e−βu(r12) =

∫
V

dr1dr2(1 + f12) = V2 +
∫

V
dr1dr2 f12, (26.108)

and

Z3 =
∫

V
dr1dr2dr3e−β[u(r12)+u(r13)+u(r23)]. (26.109)

where rij = |rj − ri|. Then, B2(T) in Eq. (26.105) is,

B2(T) = −b2 = − 1
2V

(Z2 − Z2
1),

= − 1
2V

∫
V

dr1dr2 f12(r12), (26.110)

In order to evaluate B3, we need,

Z3 =
∫

V
dr1dr2dr3(1 + f12)(1 + f13)(1 + f23),

=
∫

V
dr1dr2dr3 [ f12 f13 f23 + f12 f13 + f12 f23 + f13 f23 + f12 + f13 + f23 + 1] , (26.111)

as well is Z2 and Z1. Then, B3 from Eq. (26.106) is,

B3(T) = − 1
3V

∫ ∫ ∫
dr1dr2dr3 f12 f13 f23. (26.112)
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